“Confluence” in Ito-Sadahiro number systems J

Tomas Vavra

Joint work with D. Dombek and Z. Masdkova

Department of Mathematics

FNSPE CTU in Prague

Vancouver

06/07/2013

Confluence



For 3> 1 we want to write numbers in the form Y., a;3’
Let

T5:[0,1) = [0,1),

Ts(x) = Bx — | x|
Then
X1 X2 X3
=gt Eptet

where x; =

BT ()]
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For 3> 1 we want to write numbers in the form Y. a;3".
Let

Tz :10,1) —[0,1),

Ts(x) = Bx — | Bx]
hen
X1 X2 X3
o B B2 Tt

where x; =

BT ()]
We denote dg(x) = x1xox3--- € {0,1,...,[B] — 1}V
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For 3> 1 we want to write numbers in the form Y. a;3".
Let

Tg:[0,1) = [0,1),
Then

Ts(x) = Bx — | Bx]

X1 X X3
x==4+ 24+ 4
g p2o B

= 18T (x))

where x;
We denote dg(x) = xyxox3--- € {0,1

L [B] = 1N
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[-expansions

For B > 1 we want to write numbers in the form >, aif'.

Let
Tﬁ : [07 1) - [O’ 1)a T,B(X) = fBx — LBXJ

Then

X1, X X3 i1
x=—+—+—=+4..., wherex;=|8T""*(x
et EL

We denote ds(x) = xixox3 -+ € {0,1,...,[8] — 1},
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Admissibility condition

Theorem (W. Parry)

A sequence x = x1X2X3 . .. is 3-admissible iff for each i > 1

0% <lex XiXiy1Xiq2 ** <lex lim dg(1 —¢).
e—0t
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Admissibility condition

Theorem (W. Parry)

A sequence x = x1xpx3 ... is 3-admissible iff for each i > 1

0% <lex XiXiy1Xiq2 ** <lex lim dg(1 —¢).
e—0t

Ordering on R corresponds to the lexicographic ordering of dg(x).
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Admissibility condition

Theorem (W. Parry)

A sequence x = x1xpx3 ... is 3-admissible iff for each i > 1

0% <lex XiXiy1Xiq2 ** <lex lim dg(1 —¢).
e—0t

Ordering on R corresponds to the lexicographic ordering of dg(x).

Expansion dg(x) is the biggest amongst all the representations in

lexicographic order.
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Now for 3 > 1 we would like to write numbers as >,y ai(—5)

Let T = |~577, 551) = [, +1) and

T 3:ZT—7Z, T_p(x)=-PBx—|-Bx—{¢]
Then
o, e | ox
x= G+ ap

where x; = [T~ 1(x) — £].
We denote d j(X) = X1XoX3 -+ € {O ]_1 o L))J}N
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Now for 8 > 1 we would like to write numbers as > . ai(—f3)

1) _
Let 7 = [_%,m) =[¢,¢+1) and

Then
. i X2 X3
X = — 3 + (—B)? + (83 +

where x; = [—BT'!(x) — ¢].
We denote d_g(x) = x1xexs -+ € {0,1,..., | B]}".
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(—5)-expansions

Now for 5 > 1 we would like to write numbers as ZigN ai(—p)".
— |2 1) _
T 3:IT—=1I, T_g(x)=—-px—|—px—1{]

Then

*= iiﬁ " (—X;’)z + (—%)3 +...,  where xi = [T} (x) —¢].
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(—/3)-expansions

Now for 3 > 1 we would like to write numbers as >,y ai(—B)".
|8 1) _
Let T = [ ﬂ+1’ﬂ+1) = [¢,0+1) and
T 3:IT—=1I, T_g(x)=—-px—|—px—1{]

Then

*= iiﬁ " (—X;’)z + (—%)3 +...,  where xi = [T} (x) —¢].

We denote d_g(x) = xyxox3 -+ € {0,1,..., 8]}
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Admissibility

Theorem (S. Ito, T. Sadahiro)

A string x1xox3 ... is (—[)-admissible iff for each n > 1

d_g(€) Rait XiXi41Xi42 - - <an lim d_g(l+1—¢)
e—0t
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Admissibility

Theorem (S. Ito, T. Sadahiro)

A string x1xox3 ... is (—[)-admissible iff for each n > 1

d_g(€) Rait XiXi41Xi42 - - <an lim d_g(l+1—¢)
e—0t+

When x ¢ Z, we divide by a suitable power of (—/) and expand
x/(~B)~.

When d_g(x/(—B)%) = xix2 ..., we denote

<X>_B:Xl...Xkoxk+1...%xl(—ﬁ)k_l+'--—|—Xk(—ﬂ)0—|—...
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We define (+-3)-integers as

Zs = (x €R | (X)) = x1... %0 07} = | 87T;7(0)
n>0

Zog={xe€R|(x)=xi...x00°} = | J(—=B)"T_5(0)

n>0
By coding gaps in Z_3 by letters of an alphabet, one gets a

bidirectional infinite word ug, resp. u_g.
The words ug and u_g are invariant under substitution.

Substitutions are over a finite alphabet for ds(1), resp d_z(¢)

eventually periodic
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(—p)-integers

We define (£53)-integers as
Zg={xeR| (Ix|) =>x...xc 00} =] 87T;"(0)
n>0

Z_g={x€R|(x)=x1...x 00} = | J(—=8)"T_5(0)
n>0

By coding gaps in Z_z by letters of an alphabet, one gets a

bidirectional infinite word ug, resp. u_g.

The words ug and u_g are invariant under substitution.
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(—p)-integers

We define (£53)-integers as
Zg={xeR| (Ix|) =>x...xc 00} =] 87T;"(0)
n>0

Z_g={x€R|(x)=x1...x 00} = | J(—=8)"T_5(0)
n>0

By coding gaps in Z_z by letters of an alphabet, one gets a

bidirectional infinite word ug, resp. u_g.
The words ug and u_g are invariant under substitution.

Substitutions are over a finite alphabet for dg(1), resp d_g(¢)

eventually periodic
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Unlike Zg is Z_g not symmetric around 0.

Z_p={0}iff B < 1%\/5 This never happens for Zg.
Zg is relatively dense, i.e. lengths of gaps are < K.

W. Steiner: Z_z does not have to be uniformly discrete nor
relatively dense.

«0O0)>» «F»r «Z» « Q>
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Unlike Zg is Z_g not symmetric around 0.

Z_g={0}iff B < % This never happens for Zg.
Zg is relatively dense, i.e. lengths of gaps are < K.

W. Steiner: Z_z does not have to be uniformly discrete nor
relatively dense.
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Some properties of (£)-integers

Unlike Zg is Z_g not symmetric around 0.
Z_pg = {0} iff p < 1+T\/§ This never happens for Zg.

Zg is relatively dense, i.e. lengths of gaps are < K.
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Some properties of (£)-integers

Unlike Zg is Z_g not symmetric around 0.
Z_pg = {0} iff p < 1+T\/§ This never happens for Zg.
Zg is relatively dense, i.e. lengths of gaps are < K.

W. Steiner: Z_g does not have to be uniformly discrete nor

relatively dense.
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Motivation

Let B > 1 be root of x> — mx —m, m > 1. Then

ZB—{Za, |a,€A5}

i>0
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Motivation

Let 3 > 1 be root of x> — mx — m, m > 1. Then

Zf;—{Za, |a,EA5}

i>0

For B-numeration, we have the following theorem

Theorem (Ch. Frougny)

Let B > 1 then the following conditions are equivalent:

(4] ﬁisrootoka—mxk_1—~--—mx—nformanl.

Q Zﬁ = {ZiZO aiﬁi | aj € {Oala"' LIBJ}}
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(—/3)-confluence

Theorem (D. Dombek, Z. Masékov4, V.)

Let B > 1. Then three following conditions are equivalent:

k—1

@ [ is root of xK — mx —++o—mx—n, where m>n>1

and m = n for k even.

Q Zp= {Zizo ai(=p)" | ai € Afﬁ}~

© Substitutions fixing ug and u_g are conjugate.
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You will see 1) = 2) and consequently 1) = 3) on the blackboard.
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Confluence property implies spaces in Z_g are < 1.

It follows that d_g(¢) = mOmO0...mO0ab...

ab # mO.

We take the shortest forbidden string 1m0m0...0m where m is
the maximal digit.
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Confluence property implies spaces in Z_g are < 1.
It follows that d_g(¢) = mOmO0...m0ab...,

ab # mOQ.

We take the shortest forbidden string 1m0m0...0m where m is
the maximal digit.
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Proof continued: 2) = 1)

Confluence property implies spaces in Z_g are < 1.
It follows that d_g(¢) = mOmO...m0ab..., abz# mo0.

We take the shortest forbidden string 1m0Om0...0m where m is

the maximal digit.
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One can show that admissible transcription is of the form

1 m 0 m O m e

0 0 a3 a a3 ... ax e
From d_3(¢) we can derive constraints for aja ... ax which lead to
our polynomials.

«0O0)>» «Fr «=»r <« P NEa

it
-



Proof continued

One can show that admissible transcription is of the form

1 m 0 m 0 ... m e

:00313233...ako

From d_g(¢) we can derive constraints for aja . .. ax which lead to

our polynomials.
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The (—f)-rewriting system is not confluent, e.g. for 8 =
have

In B-systems, rewriting system associated to 8 was confluent.

1+5
2

le = 110e = 11010e =
Arithmetics of confluent 437

o If 3 is +confluent then the set of numbers with finite
expansion forms a ring.

it
-

o If 8 is —confluent then m + 1 has infinite expansion.
«0O0)>» «F»r «Z» « Q>
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The (—f)-rewriting system is not confluent, e.g. for 5 =
have

In B-systems, rewriting system associated to 5 was confluent.

1+

%

le = 1100 = 110106 =
Arithmetics of confluent =37

o If 3 is +confluent then the set of numbers with finite
expansion forms a ring.

it
N

o If B is —confluent then m + 1 has infinite expansion.
«O0» «F»r « Z)» « P NEa
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we



Comments

In B-systems, rewriting system associated to 5 was confluent.

S

The (—/)-rewriting system is not confluent, e.g. for § = 1+2 we

have
le =110e = 11010e = ...
Arithmetics of confluent £57

o If B is +confluent then the set of numbers with finite

expansion forms a ring.

o If B is —confluent then m + 1 has infinite expansion.
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“Confluent” bases appear in:

@ Study of optimal representations (K. Dajani et al.)

@ Study of Rauzy fractals and reversal invariant language of ug

(J. Bernat)

@ Description of spectra of numbers (D. Garth & K. Hare)

Study of the set

XmM(B):={> aif' | a1 €{0,1,...,m}}.

i>0
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“Confluent” bases appear in:

@ Study of optimal representations (K. Dajani et al.)

@ Study of Rauzy fractals and reversal invariant language of ug

(J. Bernat)

@ Description of spectra of numbers (D. Garth & K. Hare)

Study of the set

XmM(B):={> aif' | a1 €{0,1,...,m}}.

i>0
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k=1 _

Ch. Kalle: Let 5 € (1,2) then Tz and T_g are measurably
isomorphic iff 3 is root of xK —

-o—x—1.
Conjecture: This holds also for roots of

This property is not exactly our confluence.
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Comparison of - and (—/)- numeration

Ch. Kalle: Let 5 € (1,2) then Tg and T_g are measurably

k=1 _

isomorphic iff 3 is root of xk — cee—x—1.

Conjecture: This holds also for roots of

xk—mxk_1—~~-—mx—n, m>n>1.
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Comparison of - and (—/)- numeration

Ch. Kalle: Let 5 € (1,2) then Tg and T_g are measurably

isomorphic iff 3 is root of xK — xk=1 — ... —x —1.
Conjecture: This holds also for roots of
xk—mxk_1—~~-—mx—n, m>n>1.

This property is not exactly our confluence.
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Thank you for your attention!



