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Expansion subshifts of Möbius number systems

Petr Kůrka

Automata Theory and Symbolic Dynamics
UBC, Vancouver, June 2013
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Itineraries

X : a compact metric space,
F : X → X a continuous mapping,
W = {Wa : a ∈ A} a finite open cover of X .

u ∈ A∗ is an itinerary of x ∈ X if F n(x) ∈ Wun

Wu = Wu0 ∩ F−1Wu1 ∩ · · · ∩ F−nWun, u ∈ An+1

W is a generator if

lim
n→∞

max{diam(Wu) : u ∈ An} = 0



.....
.
....

.
....

.
.....
.
....
.
....
.
....
.
.....
.
....
.
....
.
....
.
.....
.
....
.
....
.
....
.
.....

.
....

.
.....

.
....

.
....

.

Symbolic extensions

SW = {u ∈ AN : ∀n,Wu[0,n) ̸= ∅}

{Φ(u)} =
∩
n>0

Wu[0,n), u ∈ SW

Φ : SW → X is continuous and surjective.

SW
σ //

Φ
��

SW

Φ
��

X F // X

When is SW an SFT or sofic?
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Regular open sets

U ⊆ X is regular open if it is the interior of its
closure: U = U

◦
.

Regular open sets form a Boolean algebra:
U⊥ = X \ U : complement,
U ∨ V = U ∪ V

◦
: join,

U ∩ V : meet.
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Regular open almost-covers

W = {Wa : a ∈ A} is an almost-cover of X if,
Wa = Wa

◦
are regular open, and

∪
a∈AWa = X .

W is a cover if
∪

aWa = X .
W is a partition if Wa ∩Wb = ∅ for a ̸= b:

If W , V are almost-covers then
W ∨ V = {Wa ∩ Vb : a ∈ A, b ∈ B} is an
almost-cover.

Each almost-cover W has a refinement partition
V =

∨
a{Wa,X \Wa} with

Vb ∩Wa ̸= ∅ =⇒ Vb ⊆ Wa
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Iterative systems: A∗-actions on a compact X

F = {Fa : X → X}a∈A homeomorphisms
Fu = Fun ◦ · · · ◦ Fu1 ◦ Fu0, Fuv = Fv ◦ Fu
W = {Wa : a ∈ A} is an almost-cover of X .

u ∈ An+1 is an itinerary of x ∈ X if Fu[0,i)(x) ∈ Wui :
x ∈ Wu0, Fu0(x) ∈ Wu1, Fu1Fu0(x) = Fu[0,2)(x) ∈ Wu2

Wu = Wu0 ∩ F−1
u0

Wu1 ∩ · · · ∩ F−1
u[0,n)

Wun, u ∈ An+1

Wuv = Wu ∩ F−1
u Wv

∀n, {Wu : u ∈ An} is an almost-cover of X .
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Expansion subshift: Assume that W is a generator

If Fa : Wa → X are expansions then W is a
generator.

lim
n→∞

max{diam(Wu) : u ∈ An} = 0

LW = {u ∈ A∗ : Wu ̸= ∅}
SW = {u ∈ AN : ∀n,Wu[0,n) ̸= ∅}

{Φ(u)} =
∩
n

Wu[0,n)

Theorem. Φ : SW → X is a continuous surjection.
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Regular continued fractions

X = R = R ∪ {∞}, A = {1, 0, 1}
F1(x) = x + 1, W1 = (−∞, 0)
F0(x) = 1/x , W0 = (0, 1)
F1(x) = x − 1, W1 = (1,∞)

forbidden words: {11, 11, 01, 00}
F1W1 = W1 ∪W0, F0W0 = W1, F1W1 = W0 ∪W1

u = 1a001a101a2 · · · , a0 ∈ Z, an > 0 for n > 0

Φ(u) = [a0, a1, · · · ] = a0 + 1/(a1 + 1/(a2 + · · ·

SW is an SFT of order 2
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Binary signed system

X = R = R ∪ {∞}, A = {1, 1, 2}
F1(x) = 2x + 1, W1 = (−1, 0)
F1(x) = 2x − 1, W1 = (0, 1)
F2(x) = x/2, W2 = (1,−1)

F1W1 = F1W1 = W1 ∪W1,
F2W2 = (12 ,−

1
2), F1(

1
2 , 1) = (0, 1)

forbidden words: {12, 12, 211, 211}
u = 2nv , v ∈ {1, 1}∗,

Φ(u) =
∞∑
i=0

2n−ivi

SW is an SFT of order 3
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Expansion subshifts of finite type

Theorem. SW is an SFT of order m + 1 iff
∀a ∈ A, u ∈ Am

Wu ∩ FaWa ̸= ∅ =⇒ Wu ⊆ FaWa

Wa Wb Wc Wd

Wa Wb Wc Wd

Fc Fc

Theorem. If X is connected and W is a cover,
then SW is not an SFT.
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Expansion subshifts of finite type

Theorem. SW is an SFT of order m + 1 iff
∀a ∈ A, u ∈ Am

Wu ∩ FaWa ̸= ∅ =⇒ Wu ⊆ FaWa

Wa Wb Wc Wd

Wa Wb Wc Wd

Fc Fc

Theorem. If X is connected and W is a cover,
then SW is not an SFT.
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SFT of order m + 1: a ∈ A, u ∈ Am

Wu ∩ FaWa ̸= ∅ =⇒ Wu ⊆ FaWa

F−1
a Wu ∩Wa ̸= ∅ =⇒ F−1

a Wu ⊆ Wa

Wuv = Wu ∩ F−1
u Wv

Let u ∈ An+1, ∀i , u[i ,i+m] ∈ LW .

Wu = Wu0 ∩ F−1
u0

Wu[1,m]
∩ F−1

u[0,m]
Wu[m+1,n]

= F−1
u0

Wu[1,m]
∩ F−1

u[0,m]
Wu[m+1,n]

= F−1
u0

Wu[1,n] = · · · = F−1
u[0,n−m]

Wu(n−m,n]
̸= ∅

Thus u ∈ LW .
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Conversely: a ∈ A, u ∈ Am

Let Wu ∩ FaWa ̸= ∅ but Wu ̸⊆ FaWa.
∃v ,Wv ⊆ FuWu \ FauWa = Fu(Wu \ FaWa)
Wuv = Wu ∩ F−1

u Wv = F−1
u Wv ̸= ∅,

Wauv = Wa ∩ F−1
a Wu ∩ F−1

au Wv = ∅
au ∈ LW , uv ∈ LW , auv ̸∈ LW
SW is not an SFT of order m + 1
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Sofic expansion subshifts

Theorem. SW is sofic iff there exists a partition
V = {Vp : p ∈ B} with
1. Vp ∩Wa ̸= ∅ =⇒ Vp ⊆ Wa

2. Vp ⊆ Wa,Vq ∩ FaVp ̸= ∅ =⇒ Vq ⊆ FaVp.
Then SW is the subshift of the labelled graph

p
a→ q ⇐⇒ Vp ⊆ Wa & Vq ⊆ FaVp

V0 V1 V2 V3

V0 V1 V2 V3

Fa Fb Fa Fb

Wa
Wb
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A partition V = {Vp : p ∈ B} refines W

Vp ⊆ Wa,Vq ∩ FaVp ̸= ∅ =⇒ Vq ⊆ FaVp

p
a→ q ⇐⇒ Vp ⊆ Wa & Vq ⊆ FaVp

Let p0
u0−→ p1

u1−→ · · · un−1−→ pn be a path.
Vpi ⊆ Wui , F

−1
ui

Vpi+1
⊆ Vpi .

F−1
u[0,n)

Vpn ⊆ F−1
u[0,n−1)

Vpn−1
⊆ · · · ⊆ F−1

u0
Vp1 ⊆ Vp0,

F−1
u[0,n)

Vpn ⊆ F−1
u[0,n−1)

Wun−1
∩ · · · ∩ F−1

u0
Wu1 ∩Wu0

⊆ Wu[0,n),

Thus Wu[0,n) ̸= ∅, so u[0,n) ∈ LW .
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Conversely assume Wu ̸= ∅

∃p0, ∅ ̸= Vp0 ∩Wu ⊆ Vp0 ∩Wu0 =⇒ Vp0 ⊆ Wu0

∅ ̸= Vp1 ∩ Fu0(Vp0 ∩Wu) ⊆ Vp1 ∩ Fu0Vp0 ∩Wu1,

Vp1 ⊆ Wu1, Vp1 ⊆ Fu0Vp0, Vp1 ∩ Fu0Wu ̸= ∅.
Let Vpk ∩ Fu[0,k)Wu ̸= ∅. ∃pk+1

∅ ̸= Vpk+1
∩ Fuk(Vpk ∩ Fu[0,k)Wu)

⊆ Vpk+1
∩ FukVpk ∩Wuk+1

,

Vpk+1
⊆ Wuk+1

, Vpk+1
⊆ FukVpk ,

Vpk+1
∩ Fu[0,k+1)

Wu ̸= ∅.
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Let SW be sofic

Ou = {v ∈ A∗ : uv ∈ LW}: the follower set of u
{Ou : u ∈ LW} is a finite set.
Ou = Ov , w ∈ A∗, Wuw ̸= ∅ ⇐⇒ Wvw ̸= ∅,
FuWu ∩Ww ̸= ∅ ⇐⇒ FvWv ∩Ww ̸= ∅
FuWu = FvWv : {FuWu : u ∈ LW} is a finite set.
V is the refinement of W ∪ {FuWu : u ∈ LW}.
Fa(FuWu ∩Wa) = Fua(Wu ∩ F−1

u Wa) = FuaWua

Fa(Wa \ FuWu) = FaWa \ FaWa ∩ FauWu =
FaWa \ FuaWua
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The chord metric on R = R ∪ {∞}

x y

d(x,y)

d(x , y) = 2|x−y |√
(x2+1)(y2+1)

Möbius transformations and the circle derivation:

F (x) =
ax + b

cx + d
, det(F ) = ad − bc > 0

F •(x) = lim
y→x

d(F (y), F (x))

d(y , x)

=
(ad − bc)(x2 + 1)

(ax + b)2 + (cx + d)2
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Möbius number systems

Fa : R → R: Möbius transformations.

If Wa ⊆ {x ∈ R : F •
a (x) > 1}, then

W is a generator, and
Φ : SW → R is a continuous surjection

{Φ(u)} =
∩
n≥0

Wu[0,n), u ∈ SW
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The bimodular system

W0 W1 W2 W3 
W4 W5 W6 W7 

-1_
3

1_
1

0_
1

2_
1

1_
2

1_
1

-3_
1

3_
1

-1_
1

-1_
2

-2_
1

0_
1

-1_
1

1_
3

1_
0

-1_
0

0 

2
 

0 

0
 

0 

1
_

0 

1
 

1 

2
 

1 

1
_

1 

0
 

1 

1
 

2 

1
 

2 

0
 

2 

1
_

2 

2
 

3 

1
 

3 

1
_

3 

0
 

3 

2
 

4 

1
 

4 

1
 

4 

0
 

4 

2
 

5 

1
 

5 

0
 

5 

1
 

5 

2
 

6 

2
 

6 

1
 

6 

0
 

6 

1
 

7 

2
 

7 

0
 

7 

1
 

7 

1
 

1

2

det(Fk) = 2, ||Fk ||2 = 6, tr(Fk) = 3

Wk = {x ∈ R : F •
k (x) > 1}

Fk is expansive on Wk , so W is a generator.
V0 = (0, 13), V1 = (13 ,

1
2), V2 = (12 , 1), . . .

SW is sofic.
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Arithmetical algorithms: compute a Möbius transformation

vertices (X , a), where
X is a Möbius transformation, a ∈ A ∪ {λ}.

(X , a)
λ/c→ (X ◦ F−1

c , a) if X (Wa) ⊆ Wc

(X , a)
b/λ→ (Fa ◦ X , b)

(X , λ)
a/λ→ (X , a)

If (M , λ)
u/v→, and u ∈ SW , then M ◦ Φ(u) = Φ(v)

det(Xn+1) = 2 det(Xn) or det(Xn+1) = det(Xn)/2,
||Xn|| ≤ C · det(Xn)
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Fractional bilinear functions

T (x , y) =
T0xy + T1x + T2y + T3

T4xy + T5x + T6y + T7

If M is a Möbius transformation then
M(T (x , y)), T (M(x), y), T (x ,M(y))
are fractional bilinear functions.


