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[tineraries

X: a compact metric space,

F : X — X a continuous mapping,

W ={W,: a€ A} a finite open cover of X.

u € A" is an itinerary of x € X if F"(x) € W,
W,=W,NF W, n---NnF"W,,ucA""!

W is a generator if

lim max{diam(W,): ve A"} =0

n—oo



Symbolic extensions

Sy = {ue AV: vn, Wi, 7 0}
{o(w)} = (Wi, u€Sw

n>0

® : Sy — X is continuous and surjective.

SW L>SW
0, Jo

When is Sy, an SFT or sofic?



Regular open sets

UCXis regular open if it is the interior of its
closure: U= U".

Regular open sets form a Boolean algebra:
Ut =X\ U: co complement,
Uvv=0UuVv’ . join,

UNV: meet.



Regular open almost-covers

W ={W,: a€ A} is an almost-cover of X if,
W, = W, are regular open, and UaeAWa = X.
W is a cover if |, W, = X.

W is a partition if W, N W), = () for a # b:

If W, V are almost-covers then
WVvY={W,NV,: ac A be B}isan
almost-cover.

Each almost-cover W has a refinement partition
V =\ {W,, X\ W,} with

VbﬂWa#@ — V, C W,



Iterative systems: A*-actions on a compact X

F ={F;: X — X},ca homeomorphisms
Fu:FunO"’OFuloFuoy Fuv:FvoFu
W ={W,: a€ A} is an almost-cover of X.

u e A" is an itinerary of x € X if F, , (x) € W,
X € Wuo' FUO(X) < WU1' FulFuo(X) - FU[0,2)(X) < Wuz

W, = Wy,NF W, n---nFt W, ue A"
W, = W,nF'w,

Vn, {W, : u € A"} is an almost-cover of X.



Expansion subshift: Assume that WV is a generator

If F,: W, — X are expansions then W is a
generator.

lim max{diam(W,): ve A"} =0

n—oo

Ly = {UEA*Z WU#Q}
Sy = {uec AV: vn, Wie., 7 0}

{o(u)} = [ Wy,

Theorem. & : Sy, — X is a continuous surjection.



Regular continued fractions

X=R=RU{x}, A={1,0,1}
Fi(x) =x+1, Wy = (—00,0)
Fo(X) 1/X WO (0,1)
Fi(x)=x—1, W) = (1,00)

forbidden words: {11, 11,01, 00}
FWp = Wr U Wy, FoWo = Wh, WL = Wo U W
u=1%01201%2... a9 € Z, a, > 0forn >0

Sy is an SFT of order 2



Binary signed system

X=R=RU{oo}, A={T,1,2}
Fi(x) =2x + 1, Wy = (—1,0)
Fl(X) = 2x — ]., Wl = (07 ].)
FQ(X) = X/2, W2 = (1, —1)

FTWT = FHW; = WTU Wi,

FoW, = (%7 _%)' Fl(%a 1) :_(071-)
forbidden words: {12,12,211,211}
u=2"v, ve{l1},

d(u) = f: 2"y,
i=0

Sy is an SFT of order 3



Expansion subshifts of finite type

Theorem. Syy is an SFT of order m + 1 iff
Vae A uec A7

WuﬂFaWa%@ — W, € F,W,




Expansion subshifts of finite type

Theorem. Syy is an SFT of order m + 1 iff
Vae A uec A7

W,nF,W, #0 — W, C F,W,

Theorem. If X is connected and W is a cover,
then Sy is not an SFT.



SFT of order m+1: a€ A, uec A™

WuﬂFaWa?é@ — W, C F,W,
FIW,NnW,#40 = F'W,C W,

W,, = W, N F1W,
Let u € A"+1, Vi, Ulj i+m] € L.

W, = W,NF, Wu[l e Fu[ol 7
_ 1
T F W“[l A FU[o m] W“[m+1,n]
_ . -1
o F Wu[l n] o Fu[O,nfm] Wu("*m’"] 7é @

Thus u € Lyy.



Conversely: a€ A, ue A"

Let W, N F,W, # 0 but W, & F,W,.

v, W, C F,W, \ FauW, = F (W, \ F,W,)
W,, = W,NF W, = F1W, # 0,

Waow = WoN FIW, N F W, = ()

au € Ly, uv € Ly, auv & Ly

Sy is not an SFT of order m+ 1



Sofic expansion subshifts
Theorem. Sy is sofic iff there exists a partition
V={V,: pe B} with
LV,NnW,#0 = V,C W,
2.V, C W, VgNFV,#0 = V, C F,V,.
Then Syy is the subshift of the labelled graph

p>q = V,CW,&V,CFV,




A partition V = {V,, . p € B} refines W

V, C W, V,NFV,#0 = V, CF,V,

p2q = V,CW,&V,CFV,
Let pp —25 p; — -+~ % p_ be a path.
Vy, C We, Fi 2V, C V.

1

i+1 —

Fu[o V C Fl Vpn_1g"‘gFu_01Vp1ngov

Upo,n—1)

1 -1 -1
Fuo Vo, © Ful W NN W, 0 W,
g WU[o,n)7

Thus Wu[o ") + 0, so Up,n) € Lyy.



Conversely assume W, # ()

Apg, 0 # Vp, "W, C V,, N W,y = V, C W,

0 # Vi N FUO(VPO nw,) C Vi, N Fup Vi N Wy,

VP1 g WU1' VP1 g FUOVPO’ VP1 A FUOWU 7é (Z)
Let Vp, N Fup Wy # 0. Ipiaa

@ 7é VPk+1 M FUk(VPk M F,

o, k)
C Vo, NF,V,, MW,

W,)

k+1 k+17

Vv,

Pk+1

V,

Pk+1

C WUk+1’ Vpk+1 C Fy Vpk'
N F,

U[O,k+1) Wu # @



Let Syy be sofic

O,={ve A : uv e Ly}: the follower set of u
{O,: u € Ly} is a finite set.

O0,=0,, we A", Wy, 20 <= W,, #0,
FW,NW, 40 <— FW,NW, £0
FW,=FW,: {F,W,: u € Ly} is a finite set.
V is the refinement of WU {F,W, : u e Ly}.
Fo(FuW, N W,) = Fuo(W, N FEW,) = FlaW,
Fa(Wa\m) — FaWa\FaWamFauWu:
FaWa \ FuaWoa




The chord metric on R = R U {0}

i <
_ 2|x—y|
\J dlx.y) = VA1) (2 +1)

Mobius transformations and the circle derivation:

F(x) = Zis det(F) = ad — bc > 0
o) =t AEFD

(ad — bc)(x* + 1)
(ax + b)? + (cx + d)?




Mobius number systems

F,: R — R: M®&bius transformations.

If W, C {x€R: F(x)> 1}, then
W is a generator, and
® : Sy — R is a continuous surjection

{O(u)} = () Weg,» u € Sw

n>0



The bimodular system

11 10 21 20 20 21 10 17
02 12 01 11 7 T1 01 I2 02

4 5 6 7 20 1 2 3

-1 -3-2 -1 -1-1 0 11 1 23 1
g 11 I 23 1T 32 1T TI1 O

VW o O W ow

det(Fy) =2, ||Fk||> =6, tr(Fy) =3
Wi ={xeR: F(x)>1}
Fi is expansive on Wy, so VW is a generator.

VOZ(Oaé)r Vl_(372) V_( 1)7
Syy is sofic.



Arithmetical algorithms: compute a Mobius transformation

vertices (X, a), where
X is a Mobius transformation, a € AU {\}.

(X,a) & (XoF 1l a)if X(W,) C W,
(X,a) = (F,0X,b)
(X, L (x,a)

If (M, ) 2, and u € Sy, then M o d(u) = d(v)

det(X,11) = 2det(X,) or det(X,.1) = det(X,)/2,
X, < C - det(X,)



Fractional bilinear functions

T(X )_ Toxy + Tix+ Toy + T3
Y= Tuxy + Tsx + Toy + T+

If M is a Mobius transformation then

M(T(x,y)), T(M(x),y), T(x, M(y))
are fractional bilinear functions.



