
k-block versus 1-block parallel addition in
non-standard numeration systems

Christiane Frougny*, Pavel Heller**,
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Preliminaries

Positional numeration system

Base β and digit set A, where

β ∈ C, |β| > 1, algebraic number

A ⊂ Z, finite set of contiguous integers containing 0

Finite representation of a number

z =
n∑

k=−m

akβ
k , z = an · · · a0 • a−1 · · · a−m

FinA(β) =
{ ∑

j∈I

xjβ
j : I ⊂ Z, I finite, xj ∈ A

}
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Parallel addition

Parallel addition

addition of two elements of FinA(β)

constant time, independent of the length of representations

realised by a p-local function (sliding block code with window of
length p)

x ∈ FinA(β) . . . xj+t . . . xj+1xjxj−1 . . . xj−s . . . xj ∈ A
y ∈ FinA(β) . . . yj+t . . . yj+1yjyj−1 . . . yj−s . . . yj ∈ A
wj = xj + yj . . .wj+t . . .wj+1wjwj−1 . . .wj−s︸ ︷︷ ︸ . . . wj ∈ A+A

zj = φ(wj+t . . .wj−s) . . . zj+t . . . zj+1zjzj−1 . . . zj−s . . . zj ∈ A
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Parallel addition – example

Impossible with β = 10, A = {0, . . . , 9}:
99(9)n97 + 2 = 99(9)n99

99(9)n97 + 5 = 100(0)n02

Avizienis, 1961: possible with β = 10, A = {−6, . . . , 6}:

x 7→ 2 5 2 5 5 6 0 3
y 7→ 5 1 2 2 5 4 0 6 5

z 7→ 5 3 7 4 10 9 6 6 8

0 7→ 1 10
0 7→ 1 10
0 7→ 1 10
0 7→ 1 10
0 7→ 1 10
0 7→ 1 10

z 7→ 5 4 3 3 1 2 3 3 2

p = 2
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Parallel addition – known results

Theorem (C. Frougny, E. Pelantová, M. Svobodová, 2011)

Let β be an algebraic number such that |β| > 1 and all its conjugates in
modulus differ from 1. Then there exists an alphabet A ⊂ Z such that
addition on FinA(β) can be performed in parallel.

Note: constructive proof; the alphabet might be unnecessarily large

Theorem (CF, EP, MS, 2013)

Let β, |β| > 1, be an algebraic integer with minimal polynomial f . Let A
be an alphabet of contiguous integers containing 0 and 1. If addition in
FinA(β) is computable in parallel, then #A ≥ |f (1)|. If moreover β is a
positive real number, then #A ≥ |f (1)|+ 2.
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Parallel addition – minimal alphabet

We require #A ≥ |f (1)|; if β is positive real, then #A ≥ |f (1)|+ 2.

β = 10, fβ(X ) = X − 10, #A ≥ |fβ(1)|+ 2 = 11

β = 4, fβ(X ) = X − 4, #A ≥ |fβ(1)|+ 2 = 5

β = τ , golden mean, fτ (X ) = X 2 − X − 1,
#A ≥ |fτ (1)|+ 2 = 3

β tribonacci base, fβ(X ) = X 3 − X 2 − X − 1,
#A ≥ |fτ (1)|+ 2 = 4

β = i − 1, fβ(X ) = X 2 + 2X + 2, #A ≥ |fβ(1)| = 5

Large increase in cardinality of alphabet may be necessary for parallelism.
Potential solution: k-block.



Parallel addition – minimal alphabet

We require #A ≥ |f (1)|; if β is positive real, then #A ≥ |f (1)|+ 2.

β = 10, fβ(X ) = X − 10, #A ≥ |fβ(1)|+ 2 = 11

β = 4, fβ(X ) = X − 4, #A ≥ |fβ(1)|+ 2 = 5

β = τ , golden mean, fτ (X ) = X 2 − X − 1,
#A ≥ |fτ (1)|+ 2 = 3

β tribonacci base, fβ(X ) = X 3 − X 2 − X − 1,
#A ≥ |fτ (1)|+ 2 = 4

β = i − 1, fβ(X ) = X 2 + 2X + 2, #A ≥ |fβ(1)| = 5

Large increase in cardinality of alphabet may be necessary for parallelism.
Potential solution: k-block.



Parallel addition – minimal alphabet

We require #A ≥ |f (1)|; if β is positive real, then #A ≥ |f (1)|+ 2.

β = 10, fβ(X ) = X − 10, #A ≥ |fβ(1)|+ 2 = 11

β = 4, fβ(X ) = X − 4, #A ≥ |fβ(1)|+ 2 = 5

β = τ , golden mean, fτ (X ) = X 2 − X − 1,
#A ≥ |fτ (1)|+ 2 = 3

β tribonacci base, fβ(X ) = X 3 − X 2 − X − 1,
#A ≥ |fτ (1)|+ 2 = 4

β = i − 1, fβ(X ) = X 2 + 2X + 2, #A ≥ |fβ(1)| = 5

Large increase in cardinality of alphabet may be necessary for parallelism.
Potential solution: k-block.



Parallel addition – minimal alphabet

We require #A ≥ |f (1)|; if β is positive real, then #A ≥ |f (1)|+ 2.

β = 10, fβ(X ) = X − 10, #A ≥ |fβ(1)|+ 2 = 11

β = 4, fβ(X ) = X − 4, #A ≥ |fβ(1)|+ 2 = 5

β = τ , golden mean, fτ (X ) = X 2 − X − 1,
#A ≥ |fτ (1)|+ 2 = 3

β tribonacci base, fβ(X ) = X 3 − X 2 − X − 1,
#A ≥ |fτ (1)|+ 2 = 4

β = i − 1, fβ(X ) = X 2 + 2X + 2, #A ≥ |fβ(1)| = 5

Large increase in cardinality of alphabet may be necessary for parallelism.
Potential solution: k-block.



Parallel addition – minimal alphabet

We require #A ≥ |f (1)|; if β is positive real, then #A ≥ |f (1)|+ 2.

β = 10, fβ(X ) = X − 10, #A ≥ |fβ(1)|+ 2 = 11

β = 4, fβ(X ) = X − 4, #A ≥ |fβ(1)|+ 2 = 5

β = τ , golden mean, fτ (X ) = X 2 − X − 1,
#A ≥ |fτ (1)|+ 2 = 3

β tribonacci base, fβ(X ) = X 3 − X 2 − X − 1,
#A ≥ |fτ (1)|+ 2 = 4

β = i − 1, fβ(X ) = X 2 + 2X + 2, #A ≥ |fβ(1)| = 5

Large increase in cardinality of alphabet may be necessary for parallelism.
Potential solution: k-block.



Parallel addition – minimal alphabet

We require #A ≥ |f (1)|; if β is positive real, then #A ≥ |f (1)|+ 2.

β = 10, fβ(X ) = X − 10, #A ≥ |fβ(1)|+ 2 = 11

β = 4, fβ(X ) = X − 4, #A ≥ |fβ(1)|+ 2 = 5

β = τ , golden mean, fτ (X ) = X 2 − X − 1,
#A ≥ |fτ (1)|+ 2 = 3

β tribonacci base, fβ(X ) = X 3 − X 2 − X − 1,
#A ≥ |fτ (1)|+ 2 = 4

β = i − 1, fβ(X ) = X 2 + 2X + 2, #A ≥ |fβ(1)| = 5

Large increase in cardinality of alphabet may be necessary for parallelism.
Potential solution: k-block.



Parallel addition – minimal alphabet

We require #A ≥ |f (1)|; if β is positive real, then #A ≥ |f (1)|+ 2.

β = 10, fβ(X ) = X − 10, #A ≥ |fβ(1)|+ 2 = 11

β = 4, fβ(X ) = X − 4, #A ≥ |fβ(1)|+ 2 = 5

β = τ , golden mean, fτ (X ) = X 2 − X − 1,
#A ≥ |fτ (1)|+ 2 = 3

β tribonacci base, fβ(X ) = X 3 − X 2 − X − 1,
#A ≥ |fτ (1)|+ 2 = 4

β = i − 1, fβ(X ) = X 2 + 2X + 2, #A ≥ |fβ(1)| = 5

Large increase in cardinality of alphabet may be necessary for parallelism.
Potential solution: k-block.



Block parallel addition

suggested by P. Kornerup, 1999

consider digits clustered in blocks of length k,

x = xn · · · xjk+k−1 · · · xjk︸ ︷︷ ︸
Xj

xjk−1 · · · xk xk−1 · · · x0︸ ︷︷ ︸
X0

•x−1 · · · x−m

x ∈ FinA(β) . . .Xj+t . . .Xj+1XjXj−1 . . .Xj−s . . . Xj ∈ (A)k

y ∈ FinA(β) . . .Yj+t . . .Yj+1YjYj−1 . . .Yj−s . . . Yj ∈ (A)k

Wj = Xj + Yj . . .Wj+t . . .Wj+1WjWj−1 . . .Wj−s︸ ︷︷ ︸ . . . Wj ∈ (A+A)k

Zj = φ(Wj+t . . .Wj−s) . . .Zj+t . . .Zj+1ZjZj−1 . . .Zj−s . . . Zj ∈ (A)k

Compare with 1-block:
x ∈ FinA(β) . . . xj+t . . . xj+1xjxj−1 . . . xj−s . . . xj ∈ A
y ∈ FinA(β) . . . yj+t . . . yj+1yjyj−1 . . . yj−s . . . yj ∈ A
wj = xj + yj . . .wj+t . . .wj+1wjwj−1 . . .wj−s︸ ︷︷ ︸ . . . wj ∈ A+A
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Block parallel addition

Known to help with β = i − 1

1-block parallel addition requires #A ≥ 5

4-block parallel addition possible on {−1, 0, 1} (Herreros, 1991)

2-block parallel addition possible on {−1, 0, 1} (Svobodová, 2013)

However, this is the only known example, and:

Proposition

Let β ∈ C, |β| > 1 be an algebraic integer with conjugate γ of modulus
|γ| = 1 and let A ⊂ Z be a finite alphabet. Then no k-block p-local
function can perform parallel addition on alphabet A.
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Block parallel addition

Theorem (CF, PH, EP, MS, 2013)

Given a base β and an alphabet B. Let us suppose that there exist
positive integers ` and r such that for any x = xn . . . x0• and
y = yn . . . y0• from finB(β) the sum x + y has a representation in the
form

z = x + y = zn+` . . . z0 • z−1 . . . z−r .

Then there exists k-block 3-local function performing parallel addition in
the alphabet A = B + B, where k = 2(`+ r).

The condition might be generally difficult to check, is satisfied in some
standard cases.

Example

Take β > 1, tribonacci base, i.e. root of x3 = x2 + x + 1. With the
alphabet B = {0, 1}, addition in FinB(β) is possible with ` = 2 and
r = 5 (Bernat, 2007). Hence 14-block parallel addition is possible with
the alphabet A = {0, 1, 2}.
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Block parallel addition – (PF) property

Rényi expansion, dβ(x): Performed by transformation
Tβ(x) = βx − bβxc

Property (PF): x + y has finite β-expansion when x , y > 0 do

Proposition (CF, PH, EP, MS, 2013)

Let β > 1 be a number with Property (PF). Then there exists k such
that k-block parallel addition is possible on the alphabet {0, 1, . . . , 2bβc}.

Proposition (Frougny, Solomyak, 1992)

A number β > 1 has Property (PF) if dβ(1) = •t1t2 · · · tm and
t1 ≥ t2 ≥ · · · ≥ tm ≥ 1.

β has Property (PF) if dβ(1) = •t1t2 · · · tmtω and
t1 ≥ t2 ≥ · · · ≥ tm ≥ t ≥ 1 .
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Rényi expansion, dβ(x): Performed by transformation
Tβ(x) = βx − bβxc

Property (PF): x + y has finite β-expansion when x , y > 0 do

Proposition (CF, PH, EP, MS, 2013)

Let β > 1 be a number with Property (PF). Then there exists k such
that k-block parallel addition is possible on the alphabet {0, 1, . . . , 2bβc}.

Proposition (Frougny, Solomyak, 1992)

A number β > 1 has Property (PF) if dβ(1) = •t1t2 · · · tm and
t1 ≥ t2 ≥ · · · ≥ tm ≥ 1.

β has Property (PF) if dβ(1) = •t1t2 · · · tmtω and
t1 ≥ t2 ≥ · · · ≥ tm ≥ t ≥ 1 .



Block parallel addition – (PF) property
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Block parallel addition – (PF) property

Theorem (CF, PH, EP, MS, 2013)

Let dβ(1) = t1t2 · · · tm with 1 ≤ tm ≤ ti for i = 2, 3, . . . ,m and let
k ∈ N. If parallel addition can be performed by a k-block local function
on A = {0, 1, . . . ,M}, then M ≥ t1 + tm.

Corollary

Let dβ(1) = t1t2 . . . tm with t1 ≥ t2 ≥ t2 ≥ . . . ≥ tm ≥ t ≥ 1 be the
Rényi expansion of 1. Then there exists M ∈ N such that parallel
addition by a k-block local function is possible on the alphabet
{0, 1, . . . ,M} and t1 + tm ≤ M ≤ 2t1.
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Block parallel addition – d-bonacci base

Let d ∈ N, d ≥ 2. Choose β > 1 as the real root of
X d = X d−1 + X d−2 + · · ·+ X + 1.

1-block parallel addition requires #A ≥ |f (1)|+ 2 = d + 1

dβ(1) = •(1)d and bβc = 1, so k-block parallel addition is possible
on the alphabet A = {0, 1, 2}. It cannot be further reduced
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Conclusion

Concept of k-block parallel addition may allow substantial reduction
of the size of alphabet

In some cases, estimates on cardinality of alphabet allowing parallel
addition k is available

Minimal size of k is known only in isolated cases (e.g. Penney
system)

Little results on locality of the function, p, are known

Mutual dependence of the three parameters is yet to be investigated
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