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Quadratic L-functions

For d,m € Z, xq(m) = (%) Kronecker symbol,
d 1
=3 (7)m= T (1-(5) )
m= p prime P

Convergent for R(s) > 1, meromorphic continuation to C.

Functional equation: for d squarefree, a = 1= Xd( 1)

(w/d)" 22 ((s + 2)/2) L(s, xa)

is symmetric under s — 1 — s.
Question: what are the probabilistic moments of L(%,Xd) as d varies?
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The Third Moment

Theorem (Diaconu, W.)
For W : R — R smooth, compactly supported, with bounded derivatives,

Z L X2d W(d/X) = XQuw(log X) + RW(3/4)X3/% 4 O(X?/3+<)

d odd
squarefree

Previous work on the third moment: Soundararajan (2000), Diaconu,
Goldfeld, Hoffstein (2003), Young (2013).

Young's result has O(X3/4*¢). Our secondary term of size X3/ was
conjectured by Q. Zhang (2005). Random matrix models don't seem to
predict it.

Later I'll discuss what multiple Dirichlet series predict for higher moments.
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The Multiple Dirichlet Series Approach

Goal: meromorphically continue to s = s, =s3 =1, 54 = % + €
o
Z(s1,52,53,54) = Y _ L(s1, Xa)L(s2, Xa) L(53, Xa)d ™™
d=1

d _ _ s g
— 2 : m151m252m353d St
mypmams

d,my,my,m3

~ —S1 —S2 —S3
E L(547Xm1m2m3)m1 my = msy

my,mz,ms3

Advantage: Z inherits many functional equations from the L-functions.
Difficulties: Issues with the prime 2, x versus ¥.
Terms where d and mymym3 are not squarefree.
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Multiple Dirichlet Series Background

Goldfeld, Hoffstein (1985), Diaconu, Goldfeld, Hoffstein (2003), Chinta,
Gunnells (2010) Brubaker, Bump, Friedberg (2011).

I'll describe the first moment case and skim over issues with the prime 2.

oo

d o0
Z(s1,52) Z s1,Xd)d " = Z <m> m-d™ = Z L(s2, Xm)m ™™
d=1 d,m m=1

I'll describe the functional equations and meromorphic continuation.
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Multiple Dirichlet Series Background

o
>~ L(s1,xdq)d™*2 should have symmetry in s — 1 —s1, 5 — 55+ 51 — 1
d=1

21
inherited from the symmetry of L(s1, xq).
Problem: non-squarefree d’s. Solution: redefine the residue symbol.
d/ ged(d,m) . .
Let \,(m) = (%)/ . \ged(d, m) (7m/gcd(d7m)> if ged is square
0 if not
@ Matches the standard residue symbol whenever d or m is squarefree.

e L(s,x}) and L(s,xq) only differ at finitely many primes.
o (m/d)=(+a/2r((s +a)/2)L(s, x;) is symmetric in s+ 1 — s for all d.
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Functional Equations

m=1

o0 ! [oe)
d
Z(s1,52) E L( 517Xd 2 — E <m) m ld™2 = E L(sz, X0y)m ™=
d=1 d,m

has functional equations in

1
—1— s, 52’—>52+51—§
and
1
Sll—>51—|—52—§, S5 1—s.

These generate a group of order 6 isomorphic to Ss3.
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Meromorphic Continuation

@ Initial domain of meromorphicity
R(s1 + s2) > 3/2 and poles

@ Domain and poles after applying
the functional equations

@ Domain and poles after applying
Bochner's convexity principle i

Meromorphic continuation to C? yields an asymptotic for the first moment.
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Back to the Third Moment

Z(s1,52,53,54) = Y _ L(s1, Xa)L(s2, Xa), L(53, Xa)d ™™
d=1

d e e
= E ——— | mtmy P my B d
mpmams

d,m1,mz,m3

_ E’ o —S1 1y 52 53
- L(547Xm1m2m3)m1 my =msy

my,mz,ms3

Replace ( d ) with a function H(my, my, ms, d) which:

mymyms
@ Matches the standard residue symbol whenever d or m is squarefree.
@ Only affects the L-functions L(s1, xq4)L(s2, xa)L(s3, xd) and
L(sa, Xmymyms) at finitely many primes.
@ Makes the functional equations uniform in d, m;myms, when these
are not squarefree.
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Back to the Third Moment

Properties of the multiple Dirichlet series

—S —§; —S: —S,
Z(s1,5,83,54) = g H(my, ma, m3, d)my > my 2 my>=d ™

d,my,mp,m3

@ Group of 192 functional equations, generated by

si—1—s5; . sg—1—s5,
oj: ! "y fori=1,2,3, o4: 4 *
S4 =S4+ S — 35 SirrSi+s4—5

@ Meromorphic continuation to C*

@ 12 poles: s5=1,50=1,s3=1, 55 =1, 51+54:%,52—|—54:%,
S3+S4:%,51+52+S4:2. S1+S3+5s4=2, 5+ 53+ 54 =2,
51+52+53+S4=g,S1+52+53+2S4=3-

@ Specializing s1 = sp = 53 = %:
pole of order 8 at s4 = 1, simple pole at s, = %.
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Our Work

Meromorphic continuation, poles, and residues of Z

= asymptotic for the third moment of L(3, xq).

However, this asymptotic includes non-squarefree d, and we changed the
definition of the L-function for these d values.

Need to sieve for squarefree d values (this was the new part of our paper).

lan Whitehead The Third Moment July 26, 2022 11/16



-
The Sieving Step

S>> L(3,xd)*d"* can be expressed in terms of:
d squarefree

G-V 5~ Hlmmmad)e (mmms) e (@)
(s + 18 (mimams) 124

d,m1,mz,m3
ged(dmymyms,c)=1

for ¢ = ciepc3 squarefree. Call this expression Z()(s, xc,, Xey)-
Need an upper bound for Z(°)(s, x¢,, Xo,), R(s) > % in terms of ¢, ¢, ¢3.

111 111
040302010403020104 : (5, 5> 5,5) — (5, 55 1—5)

gives a functional equation, implying convexity bound :

~ 5(1—
Z(C)(57X517Xc2) < Cf(l—%(s))wczg(l §R(s))+6C3:«;(1—§)ce(s))+(s
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A Stronger Bound for Z()(s, x,, Xc,)

~ 3(1=R(s))+5 S(1—RN(s))+6 3(1—R(s))+6
Z(C)(S?XclaXCz) < C1( (s)) sz( (s) c3( (s))

The powers of cj, ¢ are small enough to imply convergence of the sieving
sum, but the power of c3 is not. We'll lower it to 2 — 2R(s) + 4.
Induction on the number of prime factors of cs.

We'll use the local generating functions

o b b3 ay,—as—ibj—ib,—1bh
fr,e(S5 P) = E H(p 1,pb2,p3,p)p 3b1—3b2—3503
a,b1,b2,b3>0
a=e; mod 2
bi+by+b3=e; mod 2

[fo.0(s,p)| = |1+ 3p_1 + p_2S +o > A
fo(s,p)| = |p~s+p 35+ | < Bp~ %)
1fo1(s,p)| = 13p Y2 +p 32 4. < Cp /2
fii(s,p) =0
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Recursive Refinement of Bounds
For the inductive step, we introduce one more prime factor p into c.

Z(C)(Sv Xecrs XCQ) = Z(pC)(Sv qu ) XCQ)XCQ(p) f1,0(57 p)
+ Z(pc)(57 Xecrs chz)Xq (P) f(),1(57 P)
+ Z(PC)(S7 XC1’ XC2)fO,0(S7 p)

Z(s, X1 Xer) = ZP(5, Xpers Xeo )X (P)Fr0 (5, P)
+ZP9(s, xe1: Xper)Xar (P) o1 (5, )
+ 29 (s, Xq Xex)fo.0(5. P)
By the inductive hypothesis and the estimates for local generating
functions, the blue terms are all

51—
3(1*%(5)”%22(1 §R(s))+6(

< )2—3%(5)4-5

pc3

and thus the red term is as well.
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Higher Moments

For the fourth and higher moments,
the multiple Dirichlet series will have:

@ Infinitely many functional
equations, infinitely many poles.

@ Poles accumulate at natural
boundary of meromorphic
continuation.

o Theray (3,...3,5), s> 3 isin
the domain, but not accessible
by functional equations.

@ This ray intersects infinitely

many poles = infinitely many
secondary terms in asymptotics.
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Higher Moments

Problems:

@ Define the modified residue symbol for the fourth and higher
moments. W. (2014), Patnaik, Puskas (2019), Diaconu, Pasol
(forthcoming)

@ Meromorphically continue to (%, . %)

Thank you!
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