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GL-what? L-functions?

We all know and love Maass forms:  f: H — C that are
e Laplace eigenfunctions, Af = (1/4 + t})f;

® automorphic,
(8 5)2) = e

——
€SL(2,Z)

¢ of polynomial growth as z — ioc.

L-functions: L(s, f) =

Z nth Fourier coeflicient

ns
n>1

This is clearly a GL(2) thing!
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A cute fact (Iwasawa decomposition): v € GL(2,R) can be

decomposed as
_(y x\ [a b\ (J
= DE 0 )

reR, y>0, (Z Z) orthogonal, § # 0

where

meaning

H = GL(2,R)/(O(2,R) - R¥).

SL(2,7Z) acts on H by multiplication of the coset representatives!
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In summary, L-functions:

® u; an orthonormal basis of GL(2) Maass cusp forms with
Hecke eigenvalues \;(n):

L(s,uj) = Z Ai(n)

ns
n>1

* f a GL(3) Maass form with “Fourier” coefficients A(n,m):

L(s, f) = ZM or L(s, f) = ZM

ms ms
m>1 m>1

¢ We can even combine them into a GL(3) x GL(2) thing!

s, f X uj) = ZZ

m>1n>1
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Theorem (S. (2021))

Let T be large and M slightly smaller than T (but not too tiny),
and let p be a prime less than T. Then

1
Z Wi (p)L(i, fx uj) + (continuous spectrum term)
T—M<t;<T+M

= Cy,TM + (power saving error)

where

L(lv f)(A(pa 1)p — 1) + L(17 f)(A(lvp)p — 1)
p3/27'('

Cf,p =

Why is this interesting/useful, and how does one prove it?
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Why this is interesting!

1
Z Wj/\j(p)L<§, f X ’U,j> grows like nypTM
T—M<t;<T+M
In increasing level of difficulty:
1. L(1/2, f x uj) # 0 for infinitely many wu;
2. f is uniquely determined by L(1/2, f X u;)

3. If you have also have a second moment, proportion of
nonvanishing!

Philosophically: individual Maass (cusp) forms are hard to get
your hands on, but their moments can reveal useful information!
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How one proves this. ..

Hecke eigenvalues \;(n) have a kind of “orthogonality” relation:

Zh(tj)wj)\j(m))\j(n) + (continuous specturm term)
j>1

mnH+Z S(m,n;c) (47r ]mn!)

C
c>1

7/9



How one proves this. ..

Hecke eigenvalues \;(n) have a kind of “orthogonality” relation:

Zh(tj)wj)\j(m))\j(n) + (continuous specturm term)
j>1

mnH+Z S(m,n;c) (47r ]mn])

C
c>1

Set up an average like

> k(ty) )L(s, f * uj)

j>1

7/9



How one proves this. ..

Hecke eigenvalues \;(n) have a kind of “orthogonality” relation:

Zh(tj)wj)\j(m))\j(n) + (continuous specturm term)
j>1

mnH+Z S(m,n;c) (47r ]mn!)

C
c>1

Set up an average like

S ki) Y 3 g

j>1 m>1n>1

7/9



How one proves this. ..

Hecke eigenvalues \;(n) have a kind of “orthogonality” relation:

Zh(tj)wj)\j(m))\j(n) + (continuous specturm term)
j>1

mnH+Z S(m,n;c) (47r ]mn!)

C
c>1

Set up an average like

S ke () 30 S

j>1 m>1n>1

7/9



How one proves this. ..

Hecke eigenvalues \;(n) have a kind of “orthogonality” relation:

Zh(tj)wj)\j(m))\j(n) + (continuous specturm term)
j>1

mnH+Z S(m,n;c) (47r ]mn!)

C
c>1

Set up an average like

Z Z Z E(tg)wjiA; (]J)WV(W2N, tj)

m>1n>1j>1

7/9



How one proves this. ..

Hecke eigenvalues \;(n) have a kind of “orthogonality” relation:

Zh(tj)wj)\j(m))\j(n) + (continuous specturm term)
j>1

mnH+Z S(m,n;c) (47r ]mn!)

C
c>1

Set up an average like

D

m>1n>1 321

7/9



How one proves this. ..

Hecke eigenvalues \;(n) have a kind of “orthogonality” relation:

Zh(tj)wj)\j(m))\j(n) + (continuous specturm term)
j>1

mnH+Z S(m,n;c) (47r ]mn!)

C
c>1

Set up an average like

D

m>1n>1 321

A (D) (n)wj k(t5)V (mPn, t;)
=h(t;)

Take k(t) = e (-T/M? 4 o~(4TP/M2
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The diagonal term is:

D= jg: jg: 1/2 )}{"%"

m>1 n>1

We rearrange:

po Y Abmy oy Al

1/2 1/2
(m,p)=1 mp (m,p)>1 mp
A(p,m) A(p,mp)
= E H,,+ E ————Hpop.
1/2 m,p 1/2 p,p
i ™Y o= (mp)p

By multiplicativity, factor A(p, m) = A(p,1)A(1,m) and
p pm
A(pamp) - Z M(d)A(gy 1)A<17 7)

d|(p,mp)
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A(p,1) A(l,‘m)
D=5 2~y Hmp= 3/22 Hpy

m>1 m>1

Hpyp= = / k(t)V (m?p,t) tanh(mt)t dt
0

and

Vontp ) = 5o [ ) e 2RO R
(1000)

27 v(1/2,t) w
Bring the m-sum all the way in:
2 T 1 _ A(1,m) v(% +u,t) du
= [ k(t) tanh(xt)t [ — “( F =) ar.
2 oy [0 (3 ) e Rt
0 (1000) mZ
=L(1+2u,f)
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