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The 2k-th moments of [((3 + it)|

@ 2k-th moments:

.
1(T) :/0 (L + i) d.
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The 2k-th moments of [¢(3 + it)|

@ 2k-th moments:

)
W)= [ IeG inee

o Lindeldf hypothesis (LH):

IC(3 + it)] << (1+ [t])° for all € > 0.
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The 2k-th moments of [¢(3 + it)|

@ 2k-th moments:

)
T = [ I+ i

o Lindeldf hypothesis (LH):

IC(3 + it)] << (1+ [t])° for all € > 0.

@ The Lindelof hypothesis is true if and only if

I(T) <ke T forall k € Nand all € > 0.
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Bounds for /x(T)

Theorem (Soundararajan, 2009)
The RH implies for any k > 0

I(T) < T(log T)*.

Theorem (Harper, 2013)
The RH implies for any k > 0

1(T) <i T(log T)¥.
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Bounds for /x(T)

Theorem (Soundararajan, 2009)
The RH implies for any k > 0

I(T) < T(log T)*.

Theorem (Harper, 2013)
The RH implies for any k > 0

1(T) <x T(log T) .

Theorem (Radziwill-Soundararajan, 2013, Heap-Soundararajan, 2020)

For any k > 0,
2
I(T) > T(log T)*.
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Asymtotics for Ix(T)

Theorem (Hardy-Littlewood, 1918)

T
Il(T):/ |C(%+it)|2dt~ Tlog T.
0
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Asymtotics for Ix(T)

Theorem (Hardy-Littlewood, 1918)

T
Il(T):/ |C(%+it)|2dt~ Tlog T.
0

Theorem (Ingham, 1926)

;
h(T) = /0 I¢(3 + it)[*dt ~ 2—;,1_-2(|og )
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Higher moments (2k = 6, 8)

Conjecture (Folklore)
For k > 0,

T 2
Ik(T):/o ¢ + i) dt ~ (fzk)! -ar - T(log T)¥,

1 K oo F(m+k) 2 —m
o a =[], (1 - ;) m=0 ( miT (k) ) p -
o Difficult to predict g.
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Higher moments (2k = 6, 8)

Conjecture (Folklore)
For k > 0,

T 2
Ik(T):/O ¢ + i) dt ~ (f;)! -ar - T(log T)¥,

_ 1 1 K2 oo F(m+k) 2 —m
oa=][[(1-3 m=0 \'mir(k) ) P -

o Difficult to predict g.
Conjecture (Conrey and Ghosh, 1996)

;
) 42

I(T) :/ 1¢(3 +it)|° dt ~ o T(log T).
0 I

Conjecture (Conrey and Gonek, 1998)

4 . 24024
L(T) = / IC(3 + it)[® dt ~ oM T(log T)™.
o !
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Higher moments (k € N)

Conjecture (Keating and Snaith, 1998)
For k € N,

T 2
I(T) = /0 1¢( + i) dt ~ % -ax - T(log T)*

where

) k—1 il
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Higher moments (k € N)

Conjecture (Keating and Snaith, 1998)
For k € N,

Ik(T):/ [CC3 + i) e ~ B -2 - T(log Ty

where

2 J
MIgee

Jj=0

@ Method: Random Matrices Theory.
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Higher moments (k € N)

Conjecture (Keating and Snaith, 1998)
For k € N,

Ik(T):/ [CC3 + i) e ~ B -2 - T(log Ty

where

2 J
MIgee

Jj=0

@ Method: Random Matrices Theory.

@ Conrey, Farmer, Keating, Rubinstein and Snaith (2005) obtained the conjecture with
full main terms. “Recipe” method.

@ Diaconu, Goldfeld and Hoffstein (2003) also made the conjecture. Multiple Dirichlet
Series.
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Additive divisor sum
Defination

The k-th divisor function is defined by

di(n) == #{(m1,...,m) e N | my -
o ((s)" =30, %,

Re(s) > 1.

mi = n}.
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Additive divisor sum

Defination
The k-th divisor function is defined by

di(n) == #{(m1,...,m) e N | my---my = n}.

o ((s)k =202, 4 Re(s) > 1.

ns

Defination

The additive divisor sum js defined by

Dye(x,r) := Z di(n)de(n + r) for r € Z\{0}.

n<x
v
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Additive divisor sum

Defination
The k-th divisor function is defined by

di(n) :== #{(m, ..., mk) e N | my---me = n}.

o ((s)k =202, 4 Re(s) > 1.

ns

Defination

The additive divisor sum js defined by

Di.e(x,r) = Z di(n)de(n + r) for r € Z\{0}.

n<x

v

@ The cases of k > 2, ¢/ = 2 have been proved by Drappeau, Motohashi, Topacogullari,
many others.
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Additive divisor sum

Defination
The k-th divisor function is defined by

di(n) == #{(m1,...,m) e N | my---my = n}.

0 ((s)F =322, A gre(s) > 1.

n=1 nps
Defination

The additive divisor sum js defined by

Di.e(x,r) == Z di(n)de(n + r) for r € Z\{0}.

n<x

@ The cases of k > 2, ¢/ = 2 have been proved by Drappeau, Motohashi, Topacogullari,
many others.

Theorem (Motohashi, 1994)

D5 »(x, r) = x(co(r)(log X)2 + ci(r)(log x) + e2(r)) + O(x%+5)

uniformly for |r| < x21, where alr)==% 2dlr dt.
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Additive Divisor Conjecture (Vinogradov-Ivic-Conrey-Gonek, 1989-1998)
For every e > 0 and for every €' € (0,1), we have
Dee(x,r) = > di(n)de(n+ r) = main term + O(x>*%),
n<x

uniformly for 1 < |r| < X<
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Additive Divisor Conjecture (Vinogradov-Ivic-Conrey-Gonek, 1989-1998)
For every e > 0 and for every €' € (0,1), we have

Dy o(x,r) = Z di(n)d¢(n+ r) = main term + (Q(X%Jr's)7

n<x

uniformly for 1 < |r| < Xt

@ The main term can be expressed explicitly, and a simple form of it was obtained by
Ng-Thom (2016) and Tao (blogpost, 2016).
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Additive Divisor Conjecture (Vinogradov-Ivic-Conrey-Gonek, 1989-1998)
For every e > 0 and for every €' € (0,1), we have
Dy o(x,r) = Z di(n)d¢(n+ r) = main term + O(X%H),
n<x

uniformly for 1 < |r| < Xt

@ The main term can be expressed explicitly, and a simple form of it was obtained by
Ng-Thom (2016) and Tao (blogpost, 2016).

Smoothed Additive Divisor Conjecture (Non-precise version)

Let f : [x,2x] X [y,2y] — R be smooth. Assume x <X y. For every € > 0 and for every
e’ € (0,1), we have

Z di(m)de(n)f(m, n) = main term + O(X%+€),

m—n=r

uniformly for 1 < |r| < xi=<'.

@ Results for the case of k = ¢ = 2 have been obtained by Duke-Friedlander-lwaniec
1994 and Aryan 2017.
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The sixth moment /3(T) and the eight moment /4(T)
The ternary additive divisor sum (k =¢=3): > _ ds(n)ds(n+r).

Theorem (Ng, 2021)

The smoothed ternary Additive Divisor Conjecture implies

42
L(T) ~ o B T(log T).
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The sixth moment /3(T) and the eight moment /4(T)
The ternary additive divisor sum (k =¢=3): > _ ds(n)ds(n+r).

Theorem (Ng, 2021)

The smoothed ternary Additive Divisor Conjecture implies

42
L(T) ~ o B T(log T).

o Ng actually proved the full main term with a power savings error.
@ Conrey and Gonek (1998) previously provided a heuristic argument for this.

o lvic (1996) showed an averaged form of the ternary Additive Divisor Conjecture
implies K(T) < T=.
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The sixth moment /3(T) and the eight moment /4(T)
The ternary additive divisor sum (k =¢=3): > _ ds(n)ds(n+r).

Theorem (Ng, 2021)

The smoothed ternary Additive Divisor Conjecture implies

42
L(T) ~ o B T(log T).

o Ng actually proved the full main term with a power savings error.
@ Conrey and Gonek (1998) previously provided a heuristic argument for this.

o lvic (1996) showed an averaged form of the ternary Additive Divisor Conjecture
implies K(T) < T=.

The quaternary additive divisor sum (k = ¢ =14): 37 _ da(n)da(n+r).
Theorem (Ng-S.-Wong, 2022+, arXiv)
The RH and the smooth quaternary Additive Divisor Conjecture implies

24024

W(T) ~ 61

-ay - T(log T)™.

@ Proof based on works of Ng, Conrey-Gonek and lvic. A key new input is the
application of the sharp upper bound of shifted moments of zeta.
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Shifted moments of zeta

Conjecture (Chandee, 2010)

Let k be an even number. Let a1, an be real and satisfy certain conditions. Then

.
/ 1L+ it + o))l ¢ +i(t + )|t
0

T(log T)¥ if iMoo |01 — 02| log T =0,
_, ) T(og T)¥ if M7 00 Jon — 2 log T = ¢ # 0,

Ls 2

K2
log T 2 T _
T(Ial—azl) if lim7500 |1 — a2l log T = oo.

o When a; = az = 0, itis [ [¢(2 +it)[*dt.
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Shifted moments of zeta

Conjecture (Chandee, 2010)

Let k be an even number. Let a1, an be real and satisfy certain conditions. Then

.
/ 1L+ it + o))l ¢ +i(t + )|t
0

T(log T)¥ if iMoo |01 — 02| log T =0,
_, ) T(og T)¥ if M7 00 Jon — 2 log T = ¢ # 0,

Ls 2

K2
log T 2 T _
T(Ial—azl) if lim7500 |1 — a2l log T = oo.

o When a; = az = 0, itis [ [¢(2 +it)[*dt.

@ It shows the correlation between zeta functions.
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Shifted moments of zeta

Conjecture (Chandee, 2010)

Let k be an even number. Let a1, an be real and satisfy certain conditions. Then

.
/ 1L+ it + o))l ¢ +i(t + )|t
0

T(log T)¥ if iMoo |01 — 02| log T =0,
_, ) T(og T)¥ if M7 00 Jon — 2 log T = ¢ # 0,

Ls 2

K2
log T 2 o _
T<|0‘l_a2|) if im7500 |01 — azllog T = oo.

o When a; = az = 0, itis [ [¢(2 +it)[*dt.
@ It shows the correlation between zeta functions.

@ Chandee proved the lower bound, and also an upper bound off by (log X)*.
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Theorem (Chandee, 2010)
Let ki > 0. Let «; be real and satisfy certain conditions. Then RH implies

)
/ 1CCE 4 it 4+ an))P - [C(E + it + am) Pt
0

1 2kik;
ke Tlog T)kf+...k,2,,+e H <min {m, log T}) .

i<j J
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Theorem (Chandee, 2010)
Let ki > 0. Let a; be real and satisfy certain conditions. Then RH implies

)
/ 1CCE (e + )P - C(E + it + am)Pmdt
0

2,42 . 1 2kik;
ke T(log T) T Hmte H (mm {m, log T}) 5

i<j

o letay —=ap=---an=0. ltis
T 2
/ I¢( +it)|*dt < T(log T)"*=.
0

(Soundararajan, 2009)

@ Application: Upper bounds of shifted moments can be applied to certain problems
on the edge of what can be solved.

@ When |aj — aj| = 0 for all i < j, the shifted moment < T (log T)(k1+“‘km)2+5.

When |a; — aj| > 1 for all i < j, the shifted moment < T (log T)H+hnte.
There is a gap between (ky + - - - km)2 and k¥ + - - k2, which one can empoly.

Nathan Ng, Quanli Shen and Peng-jie Wong The eighth moment of the Riemann zeta function Workshop on Moments of L-functions 16 /24



Applications of shifted moments

Let f be a cusp form. Let xq(n) := (%) denote the Kronecker symbol.

Theorem (Soundararajan-Young, 2010)
Assume GRH. Let a1, a be real and |oa|,|az2| < X and let 0 < o < 1/log X. Then

> LG +otion, f@xa)lIL(3 + 0 +iaz, f @ xa)l

ld|<X
d fund. discr.
1/2+ g 1/2 1
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The upper bound for shifted moments leads to

Theorem (Soundararajan-Young, 2010)

Under GRH,

> L3, f®xa)~c-XlogX,

0<d<X
d fund. discr.

where c is an explicit constant.

Nathan Ng, Quanli Shen and Peng-jie Wong The eighth moment of the Riemann zeta function Workshop on Moments of L-functions 18 /24



The upper bound for shifted moments leads to

Theorem (Soundararajan-Young, 2010)

Under GRH,

> L3, f®xa)~c-XlogX,

0<d<X
d fund. discr.

where c is an explicit constant.

/\f(n)ld(n)'

LG foxad~ Y

n§d1+€<<Xl+5 n2

is of length X<
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The upper bound for shifted moments leads to

Theorem (Soundararajan-Young, 2010)

Under GRH,

> L3, f®xa)~c-XlogX,

0<d<X
d fund. discr.

where c is an explicit constant.

/\f(n)ld(n)'

LG foxad~ Y

n§d1+€<<Xl+5 n2

is of length X*™¢ . Hard to handle this length.
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The upper bound for shifted moments leads to

Theorem (Soundararajan-Young, 2010)

Under GRH,

> L3, f®xa)~c-XlogX,

0<d<X
d fund. discr.

where c is an explicit constant.

o
Ar(n)d(n
W fox~ 3 2dndo)
n§d1+€<<Xl+5 n2
is of length X*™¢ . Hard to handle this length.
o Idea:

Length of Poly. X'™° (Hard)
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The upper bound for shifted moments leads to

Theorem (Soundararajan-Young, 2010)

Under GRH,

> L3, f®xa)~c-XlogX,

0<d<X
d fund. discr.

where c is an explicit constant.

o
Ar(n)d(n
L(L f @ xa) ~ Z w
n§d1+€<<Xl’5 n2
is of length X*™¢ . Hard to handle this length.
o ldea:
is reduced to X

Length of Poly. X' ¢ (Hard) Solvable)

Tool: Upper bound of shifted moments (log X)100 (

Nathan Ng, Quanli Shen and Peng-jie Wong The eighth moment of the Riemann zeta function Workshop on Moments of L-functions 18 /24



The upper bound for shifted moments leads to

Theorem (Soundararajan-Young, 2010)

Under GRH,

> L3, f®xa)~c-XlogX,

0<d<X
d fund. discr.

where c is an explicit constant.

o
Ar(m)d(n
L(L f @ xa) ~ Z M
n§d1+5<<X1‘5 n2
is of length X'*¢ . Hard to handle this length.
o ldea:

is reduced to X

Length of Poly. X' (Hard
( ) Tool: Upper bound of shifted moments (log X)100

(Solvable)

° Z o<d<x L(3,Xa)*. Florea, 2017 (function field), and S., 2020.

d fund. discr.
Yaco X x modq [ oo IAGG + iy, x)|Pdy, where A is the completed L-function of

X even, primitive

the Dirichlet L-function. Chandee-Li, 2014.
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@ In our consideration, we face polynomials of length 72",
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@ In our consideration, we face polynomials of length 72",
°

. 2
is reduced to

Tool: Upper bound of shifted moments (|0g T)

Length of Poly. 7> (Hard) -5 (Still hard)
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@ In our consideration, we face polynomials of length 72",
)

. 2
is reduced to

Tool: Upper bound of shifted moments (|0g T)

Length of Poly. 7> (Hard) -5 (Still hard)

o ldea:

is reduced to

Length of Poly. 7> (Hard) T°7° (Solvable)

Tool: Sharp upper bound of shifted moments
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@ In our consideration, we face polynomials of length 72",
)

. 2
is reduced to

Length of Poly. T (Hard
( ) Tool: Upper bound of shifted moments (log T)!°

o ldea:

is reduced to

Length of Poly. T>"* (Hard)
Tool: Sharp upper bound of shifted moments

Sharp upper bound of shifted moments:

Theorem (Ng-S.-Wong, 2022+, arXiv)

Let k > 1. Let a1, a2 be real and satisfy certain conditions. Then RH implies

T 2 2
/ G2 + (e + a))[* 162 +i(t + a2)|“dt <« T(log T) T F(T,cn,02) %,
0

where
2 1 g 1.
mln{mJOgT} If|a1_a2‘ S 100"

log(2 + |aa — a2) if lon — aa| > 155.

f(T7a17a2) = {

5 (Still hard)

T (Solvable)

@ It is the version of Chandee’s upper bound without (log X)*.
Workshop on Moments of L-functions
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o Lletay =ax=0. ltis
T 2
/ IC(E +it)[*dt < T(log T) .
0

(Harper, 2013)
o Together with the lower bound given by Chandee, it completes the proof of
Chandee’s conjecture.

@ The idea has a cost of not getting an error term in the asymptotic for l4(T):

24024
16!

Is(T) ~ -ay - T(log T)™.
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Sketch of the proof

@ Approximate functional equation:

1C(2 +it)]® ~

oo

>

m,n=1

m\ —it

11 (*) :

m2n2
m’n§T2+E
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Sketch of the proof

@ Approximate functional equation:

1C(2 +it)]® ~

o I4(T) is like

Nathan Ng, Quanli Shen and Peng-jie Wong The eighth moment of the Riemann zeta function Workshop on Moments of L-functions

22/24



Sketch of the proof
@ Approximate functional equation:
. ZOO da(m)da(n) rmy\—it
|C(2+1t)| m%n% (n) ’

m,n=1
m,n< T2te

o I4(T) is like

[5 s

m,n=1
m,n< T2te

@ Use the sharp upper bound for shifted moments of zeta to obtain

[ s smen )y,
1 1
T el m2n2 n

m,n<T?~¢
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Sketch of the proof
@ Approximate functional equation:
. ZOO da(m)da(n) rmy\—it
1 8 ~ 47 —
|C(2+1t)| m%n% (n) ’

m,n=1
m,n< T2te

o I4(T) is like

[5 s

m,n=1
m,n< T2te

@ Use the sharp upper bound for shifted moments of zeta to obtain

1 1
T ol m2n2 n
m,n<T?~¢

@ The case m = n is the diagonal term, which gives one main term.

@ The case m # n is the off-diagonal terms, which is much more complicated.
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@ For off-diagonal terms (m # n), use Smooth Partition of Unity to put variables in
dyadic boxes:

2T ~
> — > Dao(fr, 1)
M,N MN1< M re
4—e 7|r|<<?OT
MNLT ,M=N

o Apply the Additive Divisor Conjecture in 3, |, |« m 1= Dss(f;, r).
SUES
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@ For off-diagonal terms (m # n), use Smooth Partition of Unity to put variables in
dyadic boxes:

2T =
> — > Dao(fr, 1)
M,N MN1<|,|<<MTE
— = T
MNL T8 M=<N 0
o Apply the Additive Divisor Conjecture in 21<\r\<<TMT5 Dss(f;, r).
- 0

o Evaluation of certain contour integrals gives the other main term.
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Thank you for listening!

DA
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