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Polynomials over finite fields

Let g be a power of a prime, [ the field with g elements.

Fq[T] ={anT"+ -+ a0, | aj € Fg[T], an # 0}
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Polynomials over finite fields

Let g be a power of a prime, F, the field with g elements.
Fq[T] = {anTn +---+ ap, ‘ aj € Fq[T], an # 0}
A ring with +, -.
Fq[T] and Z

» unique factorization domains, euclidean domains
> finite unit groups (2" = {£1}, Fy[T]" = F}.)
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Polynomials over finite fields

Let g be a power of a prime, Fg the field with g elements.

FQ[T] = {anTn + -+ 4o, | aj € FQ[T]a dn 7& 0}
A ring with +,-.
Fy[T] and Z
» unique factorization domains, euclidean domains
> finite unit groups (Z* = {£1}, F,[T]" = }.)

> every residue class modulo a non-zero ideal has finitely many elements
(1Z/nZ] = n, |Eq[T]/(F(T))| = g®&l").)
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Polynomials over finite fields

Let g be a power of a prime, Fy the field with g elements.

Fq[T] ={anT"+ -+ ao, | aj € Fg[T], an # 0}
A ring with +,-.
Fy[T] and Z
» unique factorization domains, euclidean domains
> finite unit groups (Z* = {£1}, [ [T]" = F}.)

> every residue class modulo a non-zero ideal has finitely many elements
(1Z/nZ| = n, [Fg[T]/(F(T))| = q?&").)
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The Riemann zeta function over finite fields

1 1\ !
Go)= > = 1 <1_|£5>
feFG[T] Lirreducible
f monic monic
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The Riemann zeta function over finite fields

1 1\ !
Cq(S)* Z 75 - H (1_M5>
fER,[T] Lirreducible

f monic monic

1 1
Cqls) = Z s~ Z gsdeg F
feFy[T] feFy[T]
f monic f monic

Université f"'l

de Montréal

Matilde N. Lalin (U de M) Sums of divisor functions over function fields Moments of L-functions 3/37



The Riemann zeta function over finite fields

1 1\ !
Cq(s) = Z 75 - H <1MS>
fEF[T] Lirreducible

f monic monic
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The Riemann zeta function over finite fields

1 1\ !
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feF,[T] Lirreducible
f monic monic

f(T)=T"+an1 Tl 4 ao = q" possibilities.

1 1
CQ(S): Z |f|s - Z qsdegf
fEF,[T] fEFG[T]
f monic f monic
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The Riemann zeta function over finite fields

«= & = I ()

feF,[T] Lirreducible
f monic monic

f(T)=T"+an1 Tl 4 ao = q" possibilities.

1 1
Cq(s) = Z ‘f|s: Z gsdesf

feFG[T] feFRG[T]
f monic f monic
9 qn 1
- sn 1 _ l-s
qsn 1— q
=0
" Université f"'l

de Montréal
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N
What is a function field?

A function field in one variable is a finitely generated extension of Fq(T)
(with constant field Fy).
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(with constant field Fy).
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Université fl‘h

de Montréal

Matilde N. Lalin (U de M) Sums of divisor functions over function fields Moments of L-functions 4/37



What is a function field?

A function field in one variable is a finitely generated extension of Fq(T)
(with constant field Fy).

It can be seen as the field of rational functions over an algebraic variety.

Examples
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What is a function field?

A function field in one variable is a finitely generated extension of Fq(T)
(with constant field Fy).

It can be seen as the field of rational functions over an algebraic variety.

Examples

Fo(T),  Falx.yl/(v? = x° +x) = Fg(x)(Vx® - x).

Université fl‘h

de Montréal

Matilde N. Lalin (U de M) Sums of divisor functions over function fields Moments of L-functions 4/37



Primes in function fields

A prime of the function field K is a discrete valuation ring R with maximal
ideal P such that F; € R C K and the quotient field of R is K.
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Primes in function fields

A prime of the function field K is a discrete valuation ring R with maximal
ideal P such that F; € R C K and the quotient field of R is K.

For Fq(T), we get

{monic irreducible polynomials} U Py.
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Some background on (x(s)

1 1\
C"(S):stlpul‘/ars) - Rel) > 1,

A>0

where A > 0 are effective divisors (formal products of primes with positive
exponents).
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Some background on (x(s)

1 1\ !
Ck(s) == Z TA[F = 1;[ (1 - P|5> ; Re(s) > 1,

A>0

where A > 0 are effective divisors (formal products of primes with positive
exponents).

Example

1\t 1
Cry(1)(8) := H (1 - |P5> “ =g

-
s (1-q¢')
The extra factor (compared to (4(s)) comes from P, which has degree 1.
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|
The Weil conjectures (Dwork, Grothendieck and Deligne)

» Rationality

Lk(q™°)
(1—g)(1-qg')
deg Ly = 2g. g = genus

Ck(s) = Lk (u) € Z[u],
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The Weil conjectures (Dwork, Grothendieck and Deligne)

P Rationality

Lk(q~)
(1—g=)1-q"%)
deg Lk = 2g. g = genus

Ck(s) = Lk (u) € Z[u],

» Functional equation

Ck(1—s) = q1=8)0-2)¢, (s).
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The Weil conjectures (Dwork, Grothendieck and Deligne)

» Rationality

Lk(q™)
(1-g=)(1-q')
deg Lk = 2g. g = genus

Ck(s) =

L (u) € Z[u],

» Functional equation

Ck(1 —s) = q178)0729) ¢ (s).

» Riemann hypothesis

2g
Le(a®) =[[=ma ™),  Iml=va o
= vnpepie
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Dirichlet L-functions over function fields

A Dirichlet character is a map
X (Fq[T]/(D(T)))" — C
extended to Fq[T] by periodicity and with the condition that

X(A) = 0 when (A, D) # 1.
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Dirichlet L-functions over function fields

A Dirichlet character is a map
\: (F[T1/(D(TY) — €

extended to Fq[T] by periodicity and with the condition that
X(A) = 0 when (A, D) # 1.

The Dirichlet L-function associated to x is

Lsx)= Y T;f)

f monic
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Dirichlet L-functions over function fields

A Dirichlet character is a map
X (Fg[T]/(D(T)))" = C*

extended to Fg[T] by periodicity and with the condition that
X(A) = 0 when (A, D) # 1.

The Dirichlet L-function associated to x is

X ZnsZ

f monic n= 0 deg f=n
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-
Dirichlet L-functions over function fields
A Dirichlet character is a map
X (Fg[T]/(D(T)))" = C
extended to Fq[T] by periodicity and with the condition that
X(A) = 0 when (A, D) # 1.

The Dirichlet L-function associated to y is

X ZnsZ

f monic deg f=n

Since 3 jeq r—p X(f) = 0 for n > deg D, we get a finite sum with finitely

many zeros:
3 x(f)
L(S, X) — |f|5 . Université fl'h

deg f <deg D de Montréal
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Quadratic Dirichlet characters

g =1(mod4). Let f € Fg[T], P monic irreducible,

(;) — £ (mod P) if Pt

and 0 otherwise.
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Quadratic Dirichlet characters

g =1(mod4). Let f € F4[T], P monic irreducible,

(;) £ (mod P) if P} f

and 0 otherwise.
Extend multiplicatively (Jacobi symbol).

f NEAY e
()1 ol

Jj=1
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Quadratic Dirichlet characters

g =1(mod4). Let f € F4[T], P monic irreducible,

(;) = 5 (mod P) if P 1 f

and 0 otherwise.
Extend multiplicatively (Jacobi symbol).

(5)-1(s) ool

=1/ j=1
o= (9)- (5)
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Quadratic Dirichlet characters

g =1(mod4). Let f € F4[T], P monic irreducible,

(;) = £ (mod P) if P | f

and 0 otherwise.
Extend multiplicatively (Jacobi symbol).

(O)-RG) o-ir

=1/

Odd iff deg(D) is odd, since

(g> = a%deg(P) o € Fq, Université f"’\

P de Montréal
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]
Quadratic Dirichlet L-functions

D O-free. Consider the hyperelliptic curve

Cp:Y?=D(T).
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]
Quadratic Dirichlet L-functions

D O-free. Consider the hyperelliptic curve
Cp: Y2 =D(T).

Its Weil zeta function is

Zc(u) = exp (Z !C(Fqk)k> , lul<1/q, (u=q7)
k=1
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]
Quadratic Dirichlet L-functions

D O-free. Consider the hyperelliptic curve
Cp:Y?=D(T).

Its Weil zeta function is
[e’e) Uk B
Ze(w)=exp | Y ICE) ). [ul<l/g,  (u=q7)
k=1

If deg D =2g +1,
L(u, xp)

26 = T - qu)
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]
Quadratic Dirichlet L-functions

D O-free. Consider the hyperelliptic curve
Cp: Y2 =D(T).

Its Weil zeta function is
[ee) Uk B
Ze(wy=exp | D IC(Fg)l |, lul<1/a,  (u=q7)
k=1

If deg D =2g + 1,
L(u, xp)
(1—wu)(1—qu)

ZCD(U) -

The Weil conjectures imply
» L(u,xp) is a polynomial of degree 2g.

» Functional equation £(u, xp) = (qu?)&L (%,XD)-
q Universitéfl‘h

i de Montréal
va
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» Riemann Hypothesis, the zeros of L(u, xp) at |u| =



L-functions and Random Matrix Models

2g

L(u,x) = [](1 = m(x)u) = det(1 — ug20,),
j=1

where ©, € U(2g) is a unitary matrix (UU* = U*U =1).
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L-functions and Random Matrix Models

2g

L(u,x) = [](1 — m(x)u) = det(1 — ug2©,),
j=1

where ©, € U(2g) is a unitary matrix (UU* = U*U = 1).

The @X is called the Frobenius class.
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L-functions and Random Matrix Models

2g

L(u,x) = [](1 = m(x)u) = det(1 — ug20,),

j=1
where ©, € U(2g) is a unitary matrix (UU* = U*U =1).
The ©, is called the Frobenius class.

Katz and Sarnak (1999): the statistics for the zeroes in families of
L-functions, in the limit when the conductor of the L-functions gets large,
follow the distribution laws of classical random matrices.
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The k-divisor function

di(n) = #{(n1,...,nk) : nj € Zsg,n=n1---ng}
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The k-divisor function

dk(n) = #{(nl,...,nk) 1N Z>0,n: n1~--nk}

(s) = Z dk(n), Re(s) > 1.

ns

n=1
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The k-divisor function

di(n) = #{(n1,...,nk) : nj € Z=o,n=ny---ng}

(s)< = Z dk(n), Re(s) > 1.

ns
n=1

x*¢(s)

S

+ Ak(x) = xPk_1(log x) + Ak(x).

Z di(n) = Ress—1

n<x
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The k-divisor function

de(n) = #{(n1,...,nk) : nj € Z=o,n=ny---ng}

(s)< = Z dk(n), Re(s) > 1.

nS
n=1
x*¢(s)"
Z di(n) = Ress=1 .t Ak (x) = xPy_1(log x) + Ak(x).
n<x
1 2X

X
Cramér (1922) k = 2, Tong (1956) k > 3 under RH.

= Ax(x)2dx ~ X1k,
X
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The divisor function - Two types of arithmetic questions

» Short intervals

Matilde N. Lalin (U de M)

Z dk(n), H < x™~

x<n<x+H

Sums of divisor functions over function fields
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The divisor function - Two types of arithmetic questions

» Short intervals

x<n<x+H
P Arithmetic progressions
Saux:@(A) = > di(n)

n<x

n=A(mod Q)

Université f"‘l

de Montréal

Matilde N. Lalin (U de M) Sums of divisor functions over function fields Moments of L-functions 13 /37



The divisor function - Two types of arithmetic questions

» Short intervals

Z di(n), H < x'"k.

x<n<x+H

» Arithmetic progressions

Sdiix;Q(A) = Z dk(n)

n=A (mod Q)
] 1
\”Hl’(Sdk;X;Q) = m Z ‘Sdk X Q(A) - <Sdk X Q>‘
A(mod Q
(g ):1)
unperte
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-
Distributions over arithmetic progressions

Selberg Q < X2/3-¢,

Sehix;Q(A) = W + O(X1/3+o))

Var(Sq,.x: @) studied by Motohashi (1973), Blomer (2008), and Lau and
Zhao (2012), for Q prime:
> If 1< Q< X2,

Var(Sa,x.0) < X2 + <Q>

> If X122 < Q< X,

Var(Sg,.x:Q) = gp3 <|og <§:>> +0 ((g)s/e (log x)3>

Université f"’\
and Kowalski and Ricotta (2014) for k > 3 (Qk_%+€ <X < k9. oot
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Distributions over arithmetic progressions

Conjecture (Keating, Rodgers, Roditty-Gershon, and Rudnick (2018))
For Q prime, Q1% < X < Qk~¢, as X — 0,

X log X 2
Var(Sa,;x;Q) ~ Q¥ <|Z§ Q) (log Q)" 1.

where
__ v T(wi — wia*
o) = kKIG(1+ k)? /[0,1]k el i<j(Wl e

where §c.(w) = 6(w — ¢) is the delta distribution translated by c, and G is
the Barnes G-function G(1+ k) =1!---(k — 1)! and

ak = 1;[ ((1 - ;)k:io (WY;) ) U"éveeﬁgﬁtre'{b
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The divisor function over function fields

f € Fq[T] monic, g odd prime power.

dk(f) = #{(ﬂ,,fk) D f = f1~~-fk, 6 monic}.

(qls) = Z di(F) Re(s) > 1.

|fls
feFG[T]
f monic

Université I'H\

de Montréal

Matilde N. Lalin (U de M) Sums of divisor functions over function fields Moments of L-functions 16 /37



The divisor function over function fields

f € Fq[T] monic, g odd prime power.

di(f) == #{(f,...,fx) : f =f--fi, f; monic}.

G = Y O R >
i 1
f monic
The secular coefficients
Let U be an N x N matrix. The secular coefficients Sc;(U) are the
coefficients of the characteristic polynomial of U:

det(1 + xU) Z Sc;(U
Université fl‘h

de Montréal
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Distribution on arithmetic progressions

SaiimQ(A) = Z di(f).
f monic,deg(f)=n
f=A(mod Q)

Université f"'l

de Montréal
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Distribution on arithmetic progressions

Sdi;mQ(A) = Z dk(f).
f monic,deg(f)=n
f=A(mod Q)

a" ("

<Sdk;n;Q> ~ CD(Q)

Université f"'l
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Distribution on arithmetic progressions

SaiimQ(A) = Z di(f).
f monic,deg(f)=n
f=A(mod Q)

n(n+k—1
<Sdk;n;Q> ~ W

Theorem (Keating, Rodgers, Roditty-Gershon, and Rudnick (2018))
If Q is O-free and n < k(deg(Q) — 1), as g — oo

2
Var®(Sqy;n@Q) ~ % / Z Scj (V) ---S¢ (U)| dU,
QI Juea(@-1) | ;1 Fhen
<. ojk <deg(Q)—1
where U(N) is the set of N x N unitary matrices Uné\'eeﬁgle;tit\l

(UU* = U*U = 1) with respect to the Haar probability_measure.

Matilde N. Lalin (U de M) Sums of divisor functions over function fields Moments of L-functions 17 /37



-
Computing the integral

Keating, Rodgers, Roditty-Gershon, and Rudnick (2018) work with the
integral

Ik(n; N) = /U(N) Z Scj,(U)---Sc; (V)| du

Atetje=n
0<j1,... k<N

Université fl‘h
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-
Computing the integral

Keating, Rodgers, Roditty-Gershon, and Rudnick (2018) work with the
integral

/k(n;N):/U(N) S Se(U)--Se (V)] au

i jk=n
0<j1, ok <N

and find that , ,
le(n; N) = i (c)NK 1+ O (NF2),

where ¢ = n/N and ~x(c) is a piecewise continuous polynomial function.
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-
Computing the integral

Keating, Rodgers, Roditty-Gershon, and Rudnick (2018) work with the
integral

KNy = [ |3 Sau(U)-Sa,(U)] dU
VN jitoj=n
0<j1,--Jk <N

and find that , ,
l(n; N) = v (c)NF 1 4 O (NK—2),

where ¢ = n/N and ~x(c) is a piecewise continuous polynomial function.

For example,
C3
c 0<c<1
3l - =7
/e C) =
’)2( ) {(2;‘(:)3 1 S c S 2 Universitéfl'h

de Montréal
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Unitary and symplectic matrices

The results described in the previous slides correspond to unitary matrices
(VU*=U*U =1).

Université I'H\
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Unitary and symplectic matrices

The results described in the previous slides correspond to unitary matrices
(UU* = U*U =1).

What about symplectic distributions?
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Unitary and symplectic matrices

The results described in the previous slides correspond to unitary matrices
(UU* = U*U =1).

What about symplectic distributions?

A 2N x 2N matrix S with real coefficients is symplectic if

MTQM = Q,

(0 Uy
Q_(_IN 0).

where

Université I'H\
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I | I
NITARY CASE, SO WE'H

Université fl‘h
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Finding a problem leading to symplectic distributions...

Keating, Rodgers, Roditty-Gershon, and Rudnick (2018) work with odd

primitive characters with conductor @ [J-free to pick up the congruence
condition.

Université I'H\

de Montréal

Matilde N. Lalin (U de M) Sums of divisor functions over function fields Moments of L-functions 21/37



Finding a problem leading to symplectic distributions...

Keating, Rodgers, Roditty-Gershon, and Rudnick (2018) work with odd
primitive characters with conductor @ [-free to pick up the congruence
condition.

First attempt: Quadratic characters with conductor D € F4[T] monic and
U-free.
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Finding a problem leading to symplectic distributions...

Keating, Rodgers, Roditty-Gershon, and Rudnick (2018) work with odd
primitive characters with conductor @ [-free to pick up the congruence
condition.

First attempt: Quadratic characters with conductor D € F4[T] monic and
U-free.

> dk(f)

f monic,deg(f)=n
f=0(mod D)
Dif
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Finding a problem leading to symplectic distributions...

Keating, Rodgers, Roditty-Gershon, and Rudnick (2018) work with odd
primitive characters with conductor @ [-free to pick up the congruence
condition.

First attempt: Quadratic characters with conductor D € F4[T] monic and
U-free.

> dk(f)
f monic,deg(f)=n

f=0(mod D)
Dif

O It is not easy to detect squares with yp = (2).
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Finding a problem leading to symplectic distributions...

Keating, Rodgers, Roditty-Gershon, and Rudnick (2018) work with odd
primitive characters with conductor @ [-free to pick up the congruence
condition.

First attempt: Quadratic characters with conductor D € F4[T] monic and
U-free.

> dk(f)

f monic,deg(f)=n
f=0(mod D)
Dif

@ It is not easy to detect squares with xp = (Q)

Second attempt: xp = (B), P monic and irreducible.
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Distribution of quadratic residues modulo P

SqalP)i= D> d(f),
f monic,deg(f)=n
f=0(mod P)
Ptf

where P is a monic irreducible polynomial of degree 2g + 1.
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Distribution of quadratic residues modulo P

SqaPy= > df),
f monic,deg(f)=n
f=0(mod P)
Ptf
where P is a monic irreducible polynomial of degree 2g + 1.

Theorem (Kuperberg and L. (2022))
As g — oo,
1

S5 n(P)~ = S dk(f)Nq?"<k+nfl>.

f monic,deg(f)=n k=1

Pif
Let n < 2gk. As q — oo,
2
QS qn
Var*(83 ) ~ T /. > Sc;(U)---Sc (V)| du.
/5p(22) Jitetik=n Université f"'l
0<)1,..-.jk<2g de Montréal
Matilde N. Lalin (U de M) Sums of divisor functions over function fields
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Ingredients in the proof - the mean

P monic irreducible of degree 2g + 1.

siaP = 3 an (B0

fmonic
deg(f)=n,Ptf
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Ingredients in the proof - the mean

P monic irreducible of degree 2g + 1.

5P = X aln (FED)

fmonic
deg(f)=n,Ptf

—= Z dk(f)+%M(n;dk><P)

fmonic
deg(f)=n,Ptf
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Ingredients in the proof - the mean

P monic irreducible of degree 2g + 1.

5P = X aln(FED)

—= Z dk(f)+%M(n;dk><P)

fmonic
deg(f)=n,Ptf

1 q" (k+n—1
Sgk,n(P)NE Z dk(f)N2< K—1 )

fmonic
deg(f)=n,Ptf

Look for the coefficient of u” in the generating function.
1 e+l > k

di(f deg(f) —
> di(f)u T

fmonic
Ptf
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Ingredients in the proof - the L-function

Lluxp) = 3 xo(f)u®s?) = det(1 - ug"?0,,).

fmonic
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Ingredients in the proof - the L-function

Lluxp) = Y. xo(F)ue?) = det(1 - ugt/?0,,).

fmonic
Use
L(u,xp)* = D di(F)xp(f)ue)

fmonic
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Ingredients in the proof - the L-function

L(uxp) = D xo(F)u®e?) = det(1 - ugt/?0,,).

fmonic
Use
Lluxp) = D d(F)xp(f)ues’)
fmonic
to express
(n; dkxp) : Z di(f
fmonic
deg(f)=n
:(_1)kqn/2 Z Scjl(eXD) Y S()Jk (@XD)
Jitetjk=n
0<)1,..jk<2g
Université f"'l
for n < 2gk de Montréal
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Ingredients in the proof - the L-function

L(u,xp) = Y xo(F)u®ED) = det(1 - ug'/?0,,).

fmonic
Use
U XD Z dk deg(f)
fmonic
to express
fmonic
deg(f)=n
k
:(—1) qn/2 Z Sle (@XD) e SCJk (@XD)
Ji+tjk=n
0<t,--Jk<2g
for " S 2g’-7k Université rH\
Itis O (qﬁ) by the Riemann Hypothesis. de Montréal
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Ingredients in the proof - Extraction of the variance

Var (Sgk,n) :#P Z Sjk,"(P) B 5 Z dk(f)
2g+1 PEPg 11 g )(‘}n)onicpj(f
€g =n,
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Ingredients in the proof - Extraction of the variance

2
xS 1 S 1
Var*(S; ) “EPt Z Sa.n(P) — 5 Z di(f)
2g+1 PcPogi1 J E’;n)onicp)ﬂr
eg(f)=n,
1
= |M(n; dixp)?
4#P2g+1 PE%H
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Ingredients in the proof - Extraction of the variance

2
*( QS 1 S 1
Var (Sdk.n) TPy Z Sdk,n(P) ) Z dk(f)
# 2g+1 PEPogi1 fmonic
s deg(f)=n,P{f
1
== |M(n; dicxp)?
4'?%’I:IPZg-i-l PG%H
2
qn
:4#73 Z Z Sch(eXP) T Scjk(eXP)
28 pePagin | jrt-tji=n
0<1,--Jk<2g
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|
Ingredients in the proof - Equidistribution

Hog+1 = [-free monic polynomials of degree 2g + 1

Theorem (Katz & Sarnak (1999))
Let F be C-valued central continuous function on Sp(2g). Then

) .
lim F — F(U)dU.
qlﬂmoc #HHog11 Z (@ /SP(2g) o

QeHog+1
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|
Ingredients in the proof - Equidistribution

y"2=D(x): But y"2=P(X): You
I'm the symplectic one! ain't the only one!
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Ingredients in the proof - Monodromy and equidistribution

Theorem (Katz, personal communication)

Let F be C-valued central continuous function on Sp(2g) and let o be any
fixed partition of 2g + 1. Then

) |
i F(Q)—/ F(U)dU.
920 #Ho Q;g Sp(2¢g)

Hay,....dy = {f € Hogt1, 1 f = H fa;, f4; monic, deg(fy,) = d,-}

1
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Ingredients in the proof - Monodromy and equidistribution

Theorem (Katz, personal communication)

Let F be C-valued central continuous function on Sp(2g) and let o be any
fixed partition of 2g + 1. Then

Hay,....dy = {f € Hogy1,: f = H fa;, fa, monic, deg(fy,) = di}

The monodromy group of y2 = f(x) with f(x) € Hg, 4, is a subgroup of
Sp(28).
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-
Ingredients in the proof - Monodromy and equidistribution

Theorem (Katz, personal communication)

Let F be C-valued central continuous function on Sp(2g) and let o be any
fixed partition of 2g + 1. Then

1
[ F(Q :/ F(U)dU.
Jim o 2 FQ Sy TV

QeEHos

Hay,.ido = {F € Hagyr, i £ =[] fy, fy, monic, deg(fy) = di }

The monodromy group of y? = f(x) with f(x) € Ha, .4, is a subgroup of
Sp(28).

It contains the monodromy of y2 = (x — t)f,(x) with Unive;;iféfu‘l
frg(x) € Hay—1...d, and parameter t, known to be Sp(2g). deMontréa
Matilde N. Lalin (U de M) Sums of divisor functions over function fields

Moments of L-functions 28 /37



Ingredients in the proof - Monodromy and equidistribution

Hdl,...,d,, = {f S H2g+1, f = H fd,-7 fd,- monic, deg(fdi) = d,'}
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Ingredients in the proof - Monodromy and equidistribution

. 1
[im

g—oo #Hs

> F(Q)/ F(U)dU.
QcH, /Sp(2g)

n
Hay,....dn = {f € Hogi1, : f =] fu, s monic, deg(fy) = di}
i
Use inclusion-exclusion to prove the same for
n
Pa,,....dn :{f € Hogt1,: f = H fd;» f4; monic and irreducible
i

deg(fdi) - d/}
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-
Understanding the integral

lfk,Q(n; N) := / Z Scj (U) -

Sp(zN) Ji+-+Hjk=n
<1,k <2N

Matilde N. Lalin (U de M) Sums of divisor functions over function fields

-SCjk(U) du.
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Understanding the integral - Symmetric function theory

Bump and Gamburd (2006), Medjedovic and Rubinstein (2021)

/S Hdet 1+ x0)dU= )" si(x1....,x),

p(2N) ;=4 AL <2N
Aeven

where sy is a Schur function, a generating polynomial counting
semi-standard Young tableaux. (A similar identity exists for Unitary
matrices, also due to Bump and Gamburd.)
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-
Understanding the integral - Symmetric function theory

Bump and Gamburd (2006), Medjedovic and Rubinstein (2021)
detl—l—x, dU = Sxxy, - Xr),
/Sp 2N) H Z ( )

where sy is a Schur function, a generating polynomial counting
semi-standard Young tableaux. (A similar identity exists for Unitary
matrices, also due to Bump and Gamburd.)

/ det(1 + xU)*det(1 + yU)kdU = >~ sy(x,...,x.y,....y)
A <2N ! !
Aeven
2Nk
= Z J‘§k72(m7 n; N)xmy".
man=0 unerte
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-
Understanding the integral - Symmetric function theory

Bump and Gamburd (2006), Medjedovic and Rubinstein (2021)

det(1+ x;U)dU = sx(xt, ..., %),
/bp2NH Z ( )

A1 <2N
Aeven

where sy is a Schur function, a generating polynomial counting

semi-standard Young tableaux. (A similar identity exists for Unitary
matrices, also due to Bump and Gamburd.)

/ det(1 + xU)* det(1 + yU)*dU = Y s\(x,....x,y,....y)
Sp(2N) A <2N e

Aeven
2Nk

— Z J§k72(m, n; N)x™y"

m,n=0
Université I'H\
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Understanding the integral - Symmetric function theory

» Let c = 5. Then
I 2(n N) = # (/\2k2+k72 n(2N- VCS)>»

where VCS is a convex polytope.
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Understanding the integral - Symmetric function theory

» Let c = 5. Then
/(:19;(72(’7; N) = # (A2k2+k—2 n(2N- Vf))»
where VCS is a convex polytope.

By Ehrhart theory, Ifkﬁz(cN; N) is a polynomial in N of degree
2k? + k —2.
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Understanding the integral - Symmetric function theory

» Let c = ﬁ Then

I 2(m N) = # <A2k2+k72 n(2N - Vcs)>7
where VCS is a convex polytope.

By Ehrhart theory, Idsk72(cN; N) is a polynomial in N of degree
2k? + k — 2.

» Medjedovic and Rubinstein (2021) use the
Desarmenien—Stembridge—Proctor formula,

r —1 2N+2r+1—j
s (x ) =] 1 11 1 deticijor[x ™ — X ]
E AL, -, = .
7 ol 2l A(xy, ..., Xr)
A <2N i=1 Iy ’
Aeven Université f"'l
de Montréal
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Computing the integral - O-swaps terms

For n < N, we have

1 " et (Y SN ke -1
aanm=gity 2 (i) (R
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Computing the integral - O-swaps terms

For n < N, we have

n n—¢ k+1 2
IS (FIN): 1 Z T_F(;)_l ‘ﬂ+k2_1
22 G(1+k) = (3 -1 k-1 )
¢=n(mod 2)

c
2 4 Ve,

/ Sc,,(U)2dU:2n+3+(_1)n s ){c
Sp(2N)

N O
IA A
= Nl
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Computing the integral - O-swaps terms

For n < N, we have

1 "t () - k2 -1
o= 2 (i) (W)

) -1 k2 —1
(=0
{=n(mod?2)
k=1
) —1)n 0<c<i
/ Sen(URdu = 213 4 D) () =14° T
JSp(2N) 4 4 t-c ascst
k=2
2
< 0<c<1i
/ S Sea(U)Seu(U)| dU — 8, (c) = {?§9c>s 3o
Sp2N) | e i
0<j1,2<2N
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Distribution of quadratic residues modulo P

SqaPy= > df),
f monic,deg(f)=n
f=0(mod P)
Ptf
where P is a monic irreducible polynomial of degree 2g + 1.

Theorem (Kuperberg and L. (2022))
As g — oo,
1

S5 n(P)~ = S dk(f)Nq?"<k+nfl>.

f monic,deg(f)=n k=1
Pif

Let n < 2gk. As q — oo,

VaI'*(Sgk_n) ~ 3 / Z Sc;, (U) - Sc;, (U)| dU.
) 4. Sp(2g) Jiteti=n
0<J1,0Jk <28
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.
Back to the rationals

Conjecture (Kuperberg and L. (2022++))
Let p be a prime and define

Sc?k;x(p) = Z dk(n)‘

n<x
n=0(mod p)
pin

Let x*/k < y. Fory < p <2y,

S SX S |OgX 2 o
VarpE[y,Qy] <Sdk;x(p)) ~ dy Z'ydk < ) (|Ogy)2k e 27

log y
where
1\ k(2k—1) N1 1\ 2 1\ 2 1
=[] (177> (1+7) (1——) +(1+—> + .
i P p 2 VP VP P
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> > dln) = (S5lp)
y<p<2y n<x
n=0(mod p)

ptn

Varpery,2y) (Sgk;x(p)> =

< |m

where

(S5.)) == 3 3 dln).

y<p=l2y n<x
n=0(mod p)
pfn

1
y
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-
Work in progress

> Better understanding of 77 (c) (complex integrals).
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Work in progress

> Better understanding of 72 (c) (complex integrals).

» A version for the orthogonal group.
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-
Work in progress

> Better understanding of 72 (c) (complex integrals).
» A version for the orthogonal group.

» Analogues for von Mangoldt convolutions.
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Work in progress

> Better understanding of 72 (c) (complex integrals).
» A version for the orthogonal group.
» Analogues for von Mangoldt convolutions.

» Other L-functions (higher degree).
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» A version for the orthogonal group.

» Analogues for von Mangoldt convolutions.

» Other L-functions (higher degree).
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