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Dynamical systems

Billiards on a rectangular table

¢ Predictable: the trajectories of two billiard balls with almost identical
initial conditions are similar.

Rizwan Khan LP-norm bounds for automorphic forms joint work with Peter Humphries 2/21



A different billiards table

Rizwan Khan LP-norm bounds for automorphic forms joint work with Peter Humphries 3/21



A different billiards table

Stadium

Rizwan Khan LP-norm bounds for automorphic forms joint work with Peter Humphries 3/21



A different billiards table

Stadium

e Trajectories generally very sensitive to initial conditions

Rizwan Khan LP-norm bounds for automorphic forms joint work with Peter Humphries 3/21



A different billiards table

Stadium

e Trajectories generally very sensitive to initial conditions
e Trajectories generally fill out stadium in an even manner.

Rizwan Khan LP-norm bounds for automorphic forms joint work with Peter Humphries 3/21



A different billiards table

Stadium

e Trajectories generally very sensitive to initial conditions
e Trajectories generally fill out stadium in an even manner.

i~

Chaotic dynamical system

Rizwan Khan LP-norm bounds for automorphic forms joint work with Peter Humphries 3/21



Negatively curved surface

Rizwan Khan LP-norm bounds for automorphic forms joint work with Peter Humphries 4/21



Negatively curved surface

Billards on X = SL,(Z)\H

Geodesics are vertical lines and
circular arcs L real axis.
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Quantum chaos

These were examples in classical dynamics.

Quantum mechanics: a wave 1 takes the place of the billiard ball,
governed by a Schrddinger type equation.

Probability of finding wave in region A given by integrating |«|> over A.

Q. Do the waves exhibit characteristics of chaos, when the underlying
classical billiards is chaotic?
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Arithmetic Quantum chaos

X = SLy(Z)\H (classical dynamics is chaotic)
Waves are (square-integrable) eigenfunctions of Laplacian

Assume also that waves are real valued and eigenfunctions of the
Hecke operators.
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Arithmetic Quantum chaos

X = SLy(Z)\H (classical dynamics is chaotic)
Waves are (square-integrable) eigenfunctions of Laplacian

Assume also that waves are real valued and eigenfunctions of the
Hecke operators.

Hecke Maass cusp forms

2V
\ \”%\\\\\\ A\\\\‘\\
dn\\\\\,; l;ngyv‘\\\\“

Y~ MY

(closely related to classical
holomorphic modular forms)
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Quantum Unique Ergodicity

Theorem (Lindenstrauss 2006, Soundararajan 2010)

Let f be a Hecke Maass cusp form with Laplacian eigenvalue A,
normalized so that [ f(z)?du, = [1du,.
X X
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Quantum Unique Ergodicity

Theorem (Lindenstrauss 2006, Soundararajan 2010)

Let f be a Hecke Maass cusp form with Laplacian eigenvalue A,
normalized so that [ f(z)?du, = [1du,.
X X

Then for any nice compact set A C X,

[ f(2)?duz
Af'l—d'u = 1 as )\f — OQ0.
z
A
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v

QUE says that the probability of finding a wave in A depends only on A.
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Quantum Unique Ergodicity

Theorem (Lindenstrauss 2006, Soundararajan 2010)

Let f be a Hecke Maass cusp form with Laplacian eigenvalue A,
normalized so that [ f(z)?du, = [1du,.
X X

Then for any nice compact set A C X,

[ f(2)?duz
Af'l—d'u = 1 as )\f — OQ0.
z
A

v

QUE says that the probability of finding a wave in A depends only on A.
In other words, waves of high energy become evenly spread out.
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QUE is part of a bigger conjecture.

Conjecture (Berry 1977)

Let f be a Hecke Maass cusp form with Laplacian eigenvalue ),
normalized so that [ f(z)?du, = [1du,.
X X

Then for any nice compact set A C X,

[ #2)
Af‘l—du —r Ck as )\f — 00,
V4
A

where ¢, = k' moment of a standard Normal random variable.
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Random Wave Conjecture

QUE is part of a bigger conjecture.

Conjecture (Berry 1977)

Let f be a Hecke Maass cusp form with Laplacian eigenvalue ),
normalized so that [ f(z)?du, = [1du,.
X X

Then for any nice compact set A C X,
[ f(2)*dpz

A
¢ as A\ — oo,

A

where ¢, = k' moment of a standard Normal random variable.

Hecke Maass cusp forms are expected to behave like random waves
for large Laplacian eigenvalue!
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Random Wave Conjecture

QUE is part of a bigger conjecture.

Conjecture (Berry 1977)

Let f be a Hecke Maass cusp form with Laplacian eigenvalue ),
normalized so that [ f(z)2du, = [1dus,.
X X

Then for any nice compact set A C X,
[ f(2)*dpz
A
—— = as A — oo,
[1dp, K f
A

where ¢, = k' moment of a standard Normal random variable.

Hecke Maass cusp forms are expected to behave like random waves
for large Laplacian eigenvalue!
Can take A = X for small values of k.
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k=3...vv. A= X by Watson (2002), compact A by Huang (2022).
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What’s known

k=2...vv Thisis QUE.

k

3...v'v A= X by Watson (2002), compact A by Huang (2022).

k=4...v Partial results, for A= X.
Proven for Eisenstein series (Djankovi¢-K 2020)
Proven for Dihedral Maass cusp forms (Humphries-K 2020)

Conditionally proven (on GLH) for general Hecke Maass cusp forms
(Buttcane-K 2017).
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LP-norm Upper bounds

For p relatively small, one would expect

Conjecture (lwaniec-Sarnak 1995)

1
17l = ([ 1F2)Pdiz)” <
X
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Sogge (1988) has proven LP-norm bounds for Laplacian
eigenfunctions v of compact n-dimensional Riemannian manifolds.
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LP-norm Upper bounds

For p relatively small, one would expect

Conjecture (lwaniec-Sarnak 1995)

1
17l = ([ 1F2)Pdiz)” <
X

Warning: Such small bounds are not expected in general.

Sogge (1988) has proven LP-norm bounds for Laplacian
eigenfunctions v of compact n-dimensional Riemannian manifolds.

His bounds are not ¢ ]|, < XS, yet they are sharp for the n-sphere S”.
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L4-norm bounds

The L*-norm is special due to its connection to L-functions.
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L4-norm bounds

The L*-norm is special due to its connection to L-functions.

Sarnak and Watson conjectured: ||f[l4 < X¢.

dte
Until now, the best known was Sogge’s bound ||f||4 < A;6+ :

Theorem (Humphries-K)

3
[flla < AP,

If we assume the Lindeléf Hypothesis for L(%, u;) and ¢ (% + it), then
IFlla < .
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L4-norm bounds

The L*-norm is special due to its connection to L-functions.

Sarnak and Watson conjectured: ||f|l4 < AS.

dte
Until now, the best known was Sogge’s bound ||f||4 < A;6+ :

Theorem (Humphries-K)

3
[flla < AP,

If we assume the Lindeléf Hypothesis for L(%, u;) and ¢ (% + it), then
IFlla < .

5
Interpolating with lwaniec and Sarnak’s bound ||f||.c < )\f“+€, gives
new LP-norm bounds for all p > 4.
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Let f be a Hecke Maass cusp form with Laplace eigenvalue s = J + t2.

Let {u; : j > 1} be an orthonormal basis of Hecke Maass cusp forms
with Laplace eigenvalue ); =  + t2.

[ f(2)*dpz
X

— <f2’ f2>
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Let f be a Hecke Maass cusp form with Laplace eigenvalue s = J + t2.

Let {u; : j > 1} be an orthonormal basis of Hecke Maass cusp forms
with Laplace eigenvalue ); =  + t2.

[ f(2)*dpz
X

= (f2,f2)= 3" |(f2, up)|2 + ... by Parseval

J>1
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Let f be a Hecke Maass cusp form with Laplace eigenvalue s = J + t2.

Let {u; : j > 1} be an orthonormal basis of Hecke Maass cusp forms
with Laplace eigenvalue ); =  + t2.

[ 1(2) iz
X
= (f?, %)= 21 (2, uj)|2 + ... by Parseval
z
LY uL() u 2f
— Z (2.4) (thtuj X symf) + ... by Watson’s formula
tj<2tf I
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Let {u; : j > 1} be an orthonormal basis of Hecke Maass cusp forms
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X
= (f?, %)= 21 (2, uj)|2 + ... by Parseval
z
LY uL() u 2f
— Z (2.4) (thtuj X symf) + ... by Watson’s formula
tj<2tf I

e Mean value of product of GL, and GL, x GL3 L-functions.
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Let f be a Hecke Maass cusp form with Laplace eigenvalue s = J + t2.

Let {u; : j > 1} be an orthonormal basis of Hecke Maass cusp forms
with Laplace eigenvalue ); =  + t2.

[ 1(2) iz
X
= (f?, %)= 21 (2, uj)|2 + ... by Parseval
z
LY uL() u 2f
— Z (2.4) (thtuj X symf) + ... by Watson’s formula
tj<2tf I

e Mean value of product of GL, and GL, x GL3 L-functions.
e Central values are real and > 0.

e Reminiscent of the fourth moment problem 3~ L(3, u)*.
t<T
e Dihedral & Eisenstein: the GL, x GL3 L-function factors further.
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Getting a feel

L(E, u)L(}, uj x sym?f)
g Y SE R
/)

t<2t;
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Getting a feel

L(3, u)L(, up x sym?f) 2
i3 ~ > =&~ i; <t
j

t<2t;

Working in dyadic intervals T < t; < 2T,

L}, u)L(L, ui x sym?f) 2
Z (2 /) (2 [ X sym )<< £.
Tt;

Gi~T
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Getting a feel

L(3, u)L(}, uj x sym?f) =
f 4 ~ 2> Y 2> Y < .
ICEDY o :

Working in dyadic intervals T < t; < 2T,

L(L, u)L(}, uj x sym?f) -
Z (2 i) (th/ ym*-f) <t
4~T '
The sum is over T2 forms and the convexity bound is
L(%, uj)L(%, U sym?f) < Tt
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Getting a feel

L(3, u)L(}, uj x sym?f) =
4 bl b €
Iflls = > ===~ <t
<2t a
f f

Working in dyadic intervals T < t; < 2T,

L(L, u)L(}, uj x sym?f) -
Z (2 i) (th/ ym*-f) <t
4~T '
The sum is over T2 forms and the convexity bound is
L(%, uj)L(%, U sym?f) < Tt

e For T =< 1, convexity is enough.
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Getting a feel

L(3, u)L(, up x sym?f) 2
i3 ~ > =&~ 2t-tfj <t
j

<2t
Working in dyadic intervals T < t; < 2T,

L}, u)L(L, ui x sym?f) 2
Z (2 /) (2 [ X sym )<< £.
Tt;

Gi~T

The sum is over T2 forms and the convexity bound is
L(%, u,-)L(%, U sym?f) < Tt

e For T =< 1, convexity is enough.

e For T < I, need to prove certain subconvexity bound on average.
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Getting a feel

L(3, u)L(, up x sym?f) 2
Ifllz ~ ) —2- 2t,-tfj <t

t<2t;

Working in dyadic intervals T < t; < 2T,

1 1
Z L(év uj)L(27,_;Jj X symzf) <?< £
f

Gi~T

The sum is over T2 forms and the convexity bound is
L(%, u,-)L(%, U sym?f) < Tt

e For T =< 1, convexity is enough.
e For T < I, need to prove certain subconvexity bound on average.

e For T =< t, need to prove Lindel6f on average.
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Reciprocity formulae for L-functions

These are certain identities between two different moments of central
values of L-functions.
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Reciprocity formulae for L-functions

These are certain identities between two different moments of central
values of L-functions.

Goes back to work of Kuznetsov and Motohashi.
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Reciprocity formulae for L-functions

These are certain identities between two different moments of central
values of L-functions.

Goes back to work of Kuznetsov and Motohashi.

We need to prove new reciprocity formulae and use them in a hybrid
form (f is not fixed).
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GLo x GL3 ~~ GL3, GL4 product
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GLo x GL3 ~~ GL3, GL4 product

Theorem (Humphries-K)

3" L(4, uy x sym?f)h(t;) = Diag + / L(3 + it, sym2F)C(L + it)h(t)alt
l)’ —0oQ

Rizwan Khan LP-norm bounds for automorphic forms  joint work with Peter Humphries 15/21



GLo x GL3 ~~ GL3, GL4 product

Theorem (Humphries-K)

3" L(4, uy x sym?f)h(t;) = Diag + / L(3 + it, sym2F)C(L + it)h(t)alt
l)’ —0oQ

Rizwan Khan LP-norm bounds for automorphic forms  joint work with Peter Humphries 15/21



GLo x GL3 ~~ GL3, GL4 product

Theorem (Humphries-K)

3" L(4, uy x sym?f)h(t;) = Diag + / L(3 + it, sym2F)C(L + it)h(t)alt
l)’ —0oQ

e If t; ~ T on LHS, then t ~ t2/T2 on RHS.
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3" L(4, uy x sym?f)h(t;) = Diag + / L(3 + it, sym2F)C(L + it)h(t)alt
l)’ —0oQ

o If {; ~ T on LHS, then t ~ t2/T2 on RHS.
e Similar formula also recently proven by Kwan.
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GLo x GL3 ~~ GL3, GL4 product

Theorem (Humphries-K)

ZL(Z,UJ X sym f)h(tj) D/ag+/ L(%+it, sym2f)§( +/t)h(t)dt

/

e If t; ~ T on LHS, then t ~ t2/T2 on RHS.
e Similar formula also recently proven by Kwan.
e Compare with Motohashi’s formula

S L(, ) ~ [ 1G] + i) et
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GLo x GL3 ~~ GL3, GL4 product

Theorem (Humphries-K)

L(3, uj x sym?f)h(t;) = D/ag+ L 1 it sym?£)C(L + it)h(t)at
2] /)

/

o If {; ~ T on LHS, then t ~ t2/T2 on RHS.
e Similar formula also recently proven by Kwan.
e Compare with Motohashi’s formula
SL(E, u)® ~ [1C(E +it)|4at.
e RHS can be bounded by msertlng absolute values to kill the
transform function,
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L(3, uj x sym?f)h(t;) = D/ag+ L 1 it sym?£)C(L + it)h(t)at
2] /)

/

o If {; ~ T on LHS, then t ~ t2/T2 on RHS.
e Similar formula also recently proven by Kwan.
e Compare with Motohashi’s formula
SL(E, u)® ~ [1C(E +it)|4at.
e RHS can be bounded by msertlng absolute values to kill the
transform function, then apply Cauchy-Schwarz, & the Large Sieve.
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Theorem (Humphries-K)

> L3, u)L(3, uxsym®f)h(t) = Diag+  L(3, uj)L(3, ujx sym2f)h(t).
b f

o If t; ~ T on LHS, then ; ~ #;/ T on RHS.

e Compare with Kuznetsov: 3" L(%, uj)* ~ S L(3, u)*.

e See also work of Blomer-Li-Miller (GL, x GL4),
Humphries-K. (GL> x GLo, GL, x GLy product).
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b f

o If t; ~ T on LHS, then ; ~ t;/T on RHS.
e Compare with Kuznetsov: 3" L(%, uj)* ~ S L(3, u)*.
e See also work of Blomer-Li-Miller (GL, x GL4),
Humphries-K. (GL> x GLo, GL, x GLy product).
e On RHS, we insert absolute values to kill the transform function, then
leave it as it is since central values are > 0. Important!
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GLo, GLo x GL3 product ~~ GLo, GL> x GL3 product

Theorem (Humphries-K)

> L3, u)L(3, uxsym®f)h(t) = Diag+  L(3, uj)L(3, ujx sym2f)h(t).
b f

o If t; ~ T on LHS, then ; ~ t;/T on RHS.
e Compare with Kuznetsov: 3" L(%, uj)* ~ S L(3, u)*.
e See also work of Blomer-Li-Miller (GL, x GL4),
Humphries-K. (GL> x GLo, GL, x GLy product).
e On RHS, we insert absolute values to kill the transform function, then
leave it as it is since central values are > 0. Important!

)
e LHS and RHS sums have same length when T = t2.
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Application to the L*-norm problem

Need to understand Y~ L(3,u))L(%, uj x sym?f).
tj<2tf

Use reciprocity to pass to a short dual moment, then trivially bound
using the Large Sieve.
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Average is too short to get a hold of. Use reciprocity to pass to a long
dual moment.
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Application to the L*-norm problem

Need to understand 3 L(3, uj)L(%, uj x sym?f).
tj<2tf

Use reciprocity to pass to a short dual moment, then trivially bound
using the Large Sieve.

1 \' 21

Average is too short to get a hold of. Use reciprocity to pass to a long
dual moment. Apply Hélder to get
1

1 10 1
(S LG u)'?) F (S LGy x sym2h)) * (L LGS,y x sym?h)?)
and apply Jutila’s bound, reciprocity, and the large sieve.
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L(3, uj) = 0 if root number \;(—1) = —1.
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Rough idea for second reciprocity formula

L(3, uj) = 0 if root number \;(—1) = —1.

E L(%7 U/)L(%, up x symzf)
]
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Rough idea for second reciprocity formula

L(3, uj) = 0 if root number \;(—1) = —1.
> L(%, u/-)L(%, uj x sym?f)
J

= > N(=1)L(3, ) L(3, yp x sym?f)
j
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Rough idea for second reciprocity formula

L(3, uj) = 0 if root number \;(—1) = —1.
> L(%, u/-)L(%, uj x sym?f)
J
= S N(=NL(F, u)L(F, uj x sym?f)
J

N(MX(m)Xe(m?
SN Y /(”)/\(/f%f( )

j n,m
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Rough idea for second reciprocity formula

L(3, uj) = 0 if root number \;(—1) = —1.
> L(%, u/-)L(%, uj x sym?f)
J
= S N(=NL(F, u)L(F, uj x sym?f)
J

_ , A (M)A (m)Ar(m?)
- Zj:)\j(_”r%:n . ]\/ﬁ,

= 3 7 2 2N ()

n,m c
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Rough idea for second reciprocity formula

L(3, uj) = 0 if root number \;(—1) = —1.
> L(%, u/-)L(%, uj x sym?f)
J
= S N(=NL(F, u)L(F, uj x sym?f)
J

_ , A (M)A (m)Ar(m?)
- Zj:)\j(_”r%:n . ]\/ﬁ,

= 3 7 2 2N ()

n,m c

S(7,m
:n’ZﬁZ ;m; (L:’C))\f(mz)

=3 L(3 uy)L(3, uy x sym?f)
~
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Rough idea for second reciprocity formula

L(3, uj) = 0 if root number \;(—1) = —1.

Z L(%, U/')L(%, uj X symzf)
= > N(=1)L(3, ) L(3, yp x sym?f)
j

]
— i )\'( ) : L 1 /7,

= 3 7 2 2N ()

n,m c

S(7,m
:n’ZﬁZ ;m; (L:’C))\f(mz)

=3 L(3 uy)L(3, uy x sym?f)
~

» Work with Dirichlet series and careful analytic continuation
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Rough idea for second reciprocity formula

L(3, uj) = 0 if root number \;(—1) = —1.

Z L(%, U/‘)L(%, uj X symzf)
= > N(=1)L(3, ) L(3, yp x sym?f)
j

]
— i )\'( ) : L 1 /7,

= 3 7 2 2N ()

n,m c

S(7,m
:n’ZﬁZ ;m; (L:’C))\f(mz)

=3 L(3 uy)L(3, uy x sym?f)
~

» Work with Dirichlet series and careful analytic continuation
» The various steps get encoded in the final transform function, which
takes work to understand.
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Weight function

Let h(t;) be weight function on LHS, and F(tj) the transform function on
the RHS.

Rizwan Khan LP-norm bounds for automorphic forms  joint work with Peter Humphries 19/21



Weight function

Let h(t;) be weight function on LHS, and F(tj) the transform function on
the RHS.

h looks like the inverse Mellin transform of

Rizwan Khan LP-norm bounds for automorphic forms  joint work with Peter Humphries 19/21



Weight function

Let h(t;) be weight function on LHS, and F(tj) the transform function on
the RHS.

h looks like the inverse Mellin transform of

The Mellin transform of the Bessel transform of h arising from
Kuznetsov’s formula

Rizwan Khan LP-norm bounds for automorphic forms  joint work with Peter Humphries 19/21



Weight function

Let h(t;) be weight function on LHS, and F(tj) the transform function on
the RHS.

h looks like the inverse Mellin transform of

The Mellin transform of the Bessel transform of h arising from
Kuznetsov’s formula

X

Gamma functions which arise from Voronoi and Poisson summation

Rizwan Khan LP-norm bounds for automorphic forms  joint work with Peter Humphries 19/21



Weight function

Let h(t;) be weight function on LHS, and F(tj) the transform function on
the RHS.

h looks like the inverse Mellin transform of

The Mellin transform of the Bessel transform of h arising from
Kuznetsov’s formula

X
Gamma functions which arise from Voronoi and Poisson summation
X

The Mellin transform of the Bessel kernels from Kuznetsov’s formula
for Kloosterman sums (these are also gamma functions).
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Transition region
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Transition region

More care is needed than | have let on.
L(%, Uj x sym?f) experiences ‘conductor-dropping’ for j close to 2t;.
So we need to understand short interval sums

> L(%,uj)L(%,uj X symzf),
-2t~ 82

for which the transform function is tricky to understand.
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Transition region

More care is needed than | have let on.
L(%, Uj x sym?f) experiences ‘conductor-dropping’ for j close to 2t;.
So we need to understand short interval sums

> L(%,uj)L(%,uj X symzf),
-2t~ 82

for which the transform function is tricky to understand.
Reminiscent of work of Jutila:

S L($,u)* (sharp bounds only for o > 1.)
|t~ T~ To
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End

Thank you!

Rizwan Khan LP-norm bounds for automorphic forms  joint work with Peter Humphries 21/21



