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The Hilbert-Pélya Conjecture
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One-level density of zeros of Dirichlet L-functions over function fields

“He [Landau] asked me one day:
"You know some physics. Do you
know a physical reason that the
Riemann hypothesis should be
true.” ...l answered, if the
nontrivial zeros of the Xi-function
were so connected with the
physical problem that the
Riemann hypothesis would be
equivalent to the fact that all the
eigenvalues of the physical
problem are real.

| never published this remark, but
somehow it became known and it

is still remembered.”
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Dyson’s Note to Montgomery
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The note on the left proves it!
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Katz and Sarnak’s philosophy

Katz and Sarnak predicted that the statistics for the zeros in families of L-functions, in
the limit when the conductor of the L-functions gets large, follow the distribution laws
of classical random matrices
m pair correlation of zeros of zeta functions of curves of large genus over large finite
fields satisfy the Montgomery law (1999)
m this holds for all families where analogue of Deligne's deep equidistribution
theorem (1974, 80) applies
m one-level density of zeros of Dirichlet L-functions as the genus gets large should
also follow Katz and Sarnaks’s philosophy
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Results over number fields

= Ozliik and Snyder [0S93], one-level density of quadratic Dirichlet L-functions
m more than 93.75% non-vanishing at s = 1/2
m scaling density (symmetry type) associated to the group of unitary symplectic
matrices
m Cho and Park [CP19], one-level density of cubic L-functions in the Kummer setting
under GRH matches that predicted by a heuristic (Ratios Conjecture, [CFZ08])

m David and Giiloglu (2021), a thin family of L-functions with cubic characters over
the Eisenstein field have a positive proportion of non-vanishing at s = 1/2 under
GRH
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From number fields to function fields

Over Number Fields

Over Function Fields

Z
Q
n positive integer
p prime
| = |Z/nZ|

|n
Ls) = 3 52 =10 - 20
n= P

Hua Lin

One-level density of zeros of Dirichlet L-functions over function fields

L(S, X) =

Fq(t]
Fq(t)
F monic polynomial
P irreducible (prime)
|F|q = |Fq[t]/F| = qdeg(F)

> X = T (1 x(P)udP)

(
1 !
fmonic P prime
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From number fields to function fields

Over Number Fields ‘ Over Function Fields
Z Fqlt]
Q Fq(t)
n positive integer F monic polynomial
p prime P irreducible (prime)
\n| = |Z/nZ| [Flqg = Iqu[t]/Fl = ges(F)
s = SN2 =T10- )7 [ L= X H= T (1-x(Pu'®)
n=1 P fmonic ' 9 P prime
It is convenient to make the change of variable v = g—°, and we define
-1
Lq(ux)i=La(s) = Y (O = T (1= x(P)u®) .
fFEM, PeP,
Pth
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What is one-level density over function fields?

One-level density of zeros is a statistic of low lying zeros of families of
Dirichlet L-functions.
Over function fields:
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What is one-level density over function fields?

One-level density of zeros is a statistic of low lying zeros of families of
Dirichlet L-functions.
Over function fields:

m L-functions are polynomials with all non-trivial zeros lying on the circle
lu| = g71/2 (Riemann Hypothesis for curves over function fields, Weil, 1948)
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What is one-level density over function fields?

One-level density of zeros is a statistic of low lying zeros of families of
Dirichlet L-functions.
Over function fields:
m L-functions are polynomials with all non-trivial zeros lying on the circle
lu| = g~/ (Riemann Hypothesis for curves over function fields, Weil, 1948)
m each character has a conductor h(t), which is similar to the modulus of the
character (if a character has a modulus P, then it has conductor P)

Hua Lin University of California, Irvine

One-level density of zeros of Dirichlet L-functions over function fields



Introduction
00000800

What is one-level density over function fields?

One-level density of zeros is a statistic of low lying zeros of families of
Dirichlet L-functions.
Over function fields:
m L-functions are polynomials with all non-trivial zeros lying on the circle
lu| = g~/ (Riemann Hypothesis for curves over function fields, Weil, 1948)
m each character has a conductor h(t), which is similar to the modulus of the
character (if a character has a modulus P, then it has conductor P)
m we call the case when ¢ =1 (mod ¢) Kummer (containing roots of unity), and

non-Kummer otherwise
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A non-Kummer example

in(2m0
Test function ¢(6): any real even trigonometric polynomial, for example 5|r12(797) Le
T
®(DO) = ¢(0) for some positive number D.

For example, the one-level density of order ¢ L-functions in the function field Fq[t] in
the non-Kummer setting (g # 1 (mod ¢)) is

deg(h)—2
SR (Pg) = > Y. O((deg(h) —2)0;F). (1)
|H| FeH j=1

m 7 denotes the family of L-functions and || denotes the size of the family
m the outer sum sums over the family

m the inner sum sums over the zeros
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Results over function fields

m Rudnick [Rud10], one-level density of quadratic L-functions with test function
whose Fourier transform is supported in (-2,2) has a symmetry type of symplectic
matrices

m Bui and Florea [BF18] get the same result with extra lower order terms for the
same family, showed a 94.27% nonvanishing

m We compute the one-level density of zeros of cubic and quartic Dirichlet
L-functions in the Kummer setting, and cubic, quartic and sextic Dirichlet
L-functions in the non-Kummer setting, and confirm the symmetry type of the
family is unitary
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Some non-Kummer results

Quartic non-Kummer results

Theorem (L.)
Let ¢(6) = > \n1<n b(n)e(nd) be any real, even trigonometric polynomial and
2g0

3
L-functions in the non-Kummer setting. We have that

- A 3 ~ (3n\ _,
Z4K(¢,g)=¢(0)—§ > ¢(g>q /2

o > = ¢(0). Let T4¥ (®, g) be the one-level density of quartic Dirichlet

1<n<N
3 2 (6n d(Q) N/2 —g/3 e(N+
B e E—
1<n<N/t QeP, ., QIS (1+ 1Qlg )
r>1

where mg = ged (d(Q), 2).
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Some non-Kummer results

Cubic non-Kummer results

Theorem (L.)

Let ¢(6) = >\ n1<n b(n)e(nd) be any real, even trigonometric polynomial and
¢ (gh) = #(0). Let T5¥ (®d, g) be the one-level density of cubic Dirichlet L-functions
in the non-Kummer setting. We have that

T (0.0) =60 -2 Y #(2)q

1<n<N
2 ~ (3n deg(Q) N/2 —g/2 e(N+
T2 (5 T ey 0 (),
1<neh/3 0Py, 10577 (1+1Q15%™)
r>1

where mg = ged(d(Q), 2).
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Some non-Kummer results

Corollary (Symmetry type of the family)

Under the same condition as the theorem above, for N < g, we have in the cubic
non-Kummer setting,

im T3 (0.8) = [ &) Wuie) )y + (1)

g—00 oo

Here WU(g)( y) = do(y) denotes the one-level scaling density of the group of unitary
matrices.
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Some non-Kummer results

Corollary (Symmetry type of the family)

Under the same condition as the theorem above, for N < g, we have in the cubic
non-Kummer setting,

Jim T3 (0.8) = | &) Wug)(y)dy + o).

—00

Here WU(g)( y) = do(y) denotes the one-level scaling density of the group of unitary
matrices.

Sketch of proof:
lim 5% (0, g) = $(0),

g—00

since the sum over n and Q are o(1) as g — oo. Thus
o0

80 = [~ d0uamdr = [~ S0

- —00

This matches the philosophy of Katz and Sarnak.
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°

Notations

The subscript g denotes polynomials are in Fg[t].
m Mg, monic polynomials of degree n
Pg4.n monic irreducible polynomials of degree n
Hgq,n monic, squarefree polynomials of degree n
C?K(g) the family of primitive order ¢ characters over Fg[t] of genus g in the
non-Kummer setting
Mg, Pq, Hq are the corresponding sets without a degree restriction.

Hua Lin University of California, Irvine
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Primitive Characters

Primitive characters in the Kummer setting

Definition (£t residue symbol when ¢ divides g — 1)

Let P be a monic irreducible polynomial and f € Fg[t]. The ¢th Jacobi symbol (,é)g is
the unique element of Fy such that

Let Q be a fixed isomorphism from the £t roots of unity py C C* to the ¢ roots of
unity in F2'. We define xp(f) =0 if P | f, and otherwise

Hua Lin University of California, Irvine
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Primitive Characters

The Kummer setting

For a monic polynomial H = P;* - -+ P& with distinct primes P;, we define

e €
XH = Xp, """ Xp.s

where xp is a primitive character with xﬁ, =1 and conductor F = P --- Ps <— all
the e; are natural numbers less than ¢. For £ =3, e; is either 1 or 2 as in [DFL19].
Grouping by the exponents, we can thus express yy as Xplxl%z e xfé;_ll where

H= F1F22 e Ffjll, and the F; are monic squarefree polynomials and pairwise coprime.

Thus given a conductor F = F1F --- F;_1, we have the corresponding primitive
character

2 /—1
XEXE  XF, -

Hua Lin University of California, Irvine
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Primitive Characters

The Kummer setting

For convenience, we restrict to the case of odd primitive characters where deg(H) =1
(mod ¢) and d (F) = D (£) — 1, where D(¢) = zgﬁﬁ_z given by the Riemann-Hurwitz
formula [BSM19]. We have thus

D(6)—2
T o (D)~ 2)8) =

A 1 o
YO er@ion -2 2 §N¢<D(€)2> g}q 05 [ty + 370

o (d,8) =

where, for example, in the cubic case, the sum over F

S Y Y Y [ +xe()].

F di+do=g+1 Fle'qu F2€'qu2
di=a (mod 3) (Fy,f)=1 (F,Fif)=1

Hua Lin University of California, Irvine
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Primitive Characters

Primitive characters of order ¢ =3, 4 and 6 in the non-Kummer setting

When ¢t q—1
m g = —1 (mod /) since g is a prime power, and g°> = 1 (mod ¥¢)
m define the ¢*" Jacobi symbol and order ¢ primitive characters analogously for Fg

m primitive order £ characters have conductors of even degree since
Xp is an order £ character = /| q48(P) — 1 and 2 | deg(P)

m these primitive characters are the restrictions of some characters of F2[t] down to
[Fq[t], [DFL19], [BSM19], [BY10]

Hua Lin University of California, Irvine
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Primitive Characters

Primitive characters of order ¢ =3, 4 and 6 in the non-Kummer setting

Let P be a prime in Fy[t] of even degree
m P splits into 2 primes mymo in F2[t]
m the restriction {xx,}|g,[¢ is the set of primitive characters {x} for (e, () =1

m primitive order £ characters xg where X‘[{- stays primitive for proper nontrivial
divisor d of £ are given by F € F2[t], F square-free and not divisible by a prime
of Fq[t]

m deg(F) = D(¢)/2 for conductor F € F[t]

Hua Lin University of California, Irvine
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Primitive Characters

The non-Kummer setting

We start with the familiar one-level density sum
D(¢)—2

TN (0,g) = ‘CHK(g > Z"’(D = 2)0F)- 3)

FeCpX(g

Then applying the discussion above on the primitive characters (and use an explicit

formula)
2 A n —n
D) -2 2. ¢(D(£)—2>q "

1<n<N

1 Y A(f)
RENBICIOES) KZN"’(D(@Z) 2 i 2 e () + X ()]
=n= " €2 pey/2
P|F=P¢Fq4[t]

Ty (¢, 8) = B(0) -

Hua Lin University of California, Irvine
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One-level density in the cubic non-Kummer case

To compute the cubic case, we start with
| |

z3K (¢,8) = (K Z Z ® (gej,/:) . (5)
" (&)l FER R (g12)/2 771
P|F=P¢F[t]

Hua Lin University of California, Irvine
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One-level density in the cubic non-Kummer case

To compute the cubic case, we start with
| |

n 1 d
K (0, g) \CHK ] S D> o(gbiF). (5)
FEHR (g12)/2 /71
P|F=P¢F[t]

use an explicit formula to write the sum over zeros to the sum over primes, we
have that

Hua Lin University of California, Irvine
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The cubic non-Kummer case

The last term above becomes

1 N A(f) e (F)
nK
AOO = ok e ¢<g) > a2 )],
1<n<N feMq,n FEN 2 (g12)72
P|F=P¢Fq[t]

(6)

where the main term contribution comes from when f is a cube.
Thus the one-level density we want to compute is

T (0.6) = $(0) - 45K (0.0) - 2 3 ¢< ) /2 (7)

1<n<N

Hua Lin University of California, Irvine
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The cubic non-Kummer case

The last term above becomes

1 ~[(n A(f) Nel(F)
nK _
A = ok (g)]e *(5), 2w, X hetr+asn],
3 1<n<N feMq,n FER 2 (g12)2
P|F=P¢Fq[t]

(6)

where the main term contribution comes from when f is a cube.
Thus the one-level density we want to compute is

& 2 A
T (0.0) = 6(0) - < (0.0) - 2 3 $ () )
1<n<N

m main term: square-free sieve, generating series, Perron’s formula

Hua Lin University of California, Irvine
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One-level density computation
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The cubic non-Kummer case

The last term above becomes

1 ~[(n A(f) Nel(F)
nK _
A = ok (g)]e *(5), 2w, X hetr+asn],
3 1<n<N feMq,n FER 2 (g12)2
P|F=P¢Fq[t]

(6)

where the main term contribution comes from when f is a cube.
Thus the one-level density we want to compute is

A 2 N
T (0.0) = 6(0) - < (0.0) - 2 3 $ () ™)
g 1<n<N g
m main term: square-free sieve, generating series, Perron’s formula

m error term: similar to the main term, Lindelof hypothesis bounds

Hua Lin University of California, Irvine
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Thank you!
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One-level density result for quadratic L-functions

Theorem (Rudnick 10, Bui and Florea 16)

2 Zq’ 2g‘9)—/ S (y) Wsp(ag)(y)dy + o(1)

|H2g+1| DeHogi1 j=1 B

as g — oo for any fixed, even ® with the support of ® in (—2,2), where

WSp(Zg) (v) =do(y) — %n( y) with n being the characteristic function of the interval
[—1,1].

Hua Lin University of California, Irvine

One-level density of zeros of Dirichlet L-functions over function fields



Extra Info
0e00

One-level density in the Kummer setting

Lemma (main term)

Let q be a prime power coprime to 6 and f € Mg. In the Kummer setting we have

Yo x(H)= > S oxa®)- D xEL()

X primitive, ‘= di+-+dg_1=D(¢)—1 FieHq,q4 Fe—1€Hq,q,
genus(x)=g dit-+(¢=1)dp—1=1 (mod ¢) (Fy,f)=1 (Fo—1,F1FpF)=1
XIF§ =Xt

1 Y A7) —q. ®
ICK()|(D(¢) — 2) _Z q’([)(g)_z) > GEERA [XF )+ xr()] -

fqun
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We decompose the latter term as the sum M (®, D(¢) — 2) + Ef (&, D(¢) — 2),
where the main term comes from when f is an £t power.

M (&,D(0) - 2) =

1 A In
Feon-2,.2,,° (5w —2) oy
r>1

4D 5o (@) @

(9)

and the non-¢t" power contribution is

EF(9,0(0) - 2) =
2 s(_n A(F) = _
aaien=s,2,(om-z) 2 e 2 X () X 7

1SHSN fqu,n
f non-£t" power

~—
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non-Kummer lemma

Lemma

Let f be a monic polynomial in Fg[t]. For ¢ =3,

YoooxOH= > xr(h)
X primitive cubic Fet 2 pay )
genus(x)=g P|F = P¢Fq]t]

For ¢ = 4, we have

ooooxhHh= > xelh)

X primitive <zder 4 FquzyD(4)/2
genus(x)=g P|F = P¢Fq]t]
X2 primitive

We have a similar result for £ = 6 which we omit here due to length.
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