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SETUP

1
e ((s) = — forRs =0 > 1.
() ; =
e The zeros in the critical strip {s € C: 0 < Rs < 1} are called nontrivial
zeros.
Notation. A generic one is denoted by p = 8 + iv, its multiplicity is
denoted by m(p).

e Riemann Hypothesis (RH): R(p) = 3 = 1 for all p.
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Let T be large and N(T) count the nontrivial zeros p such that
0<Rp<1land0<Sp<T.
Riemann-von Mangoldt Formula

N(T) = 2TI g2—7-e+%arg(< +1T>+%+O<%)

For an "interesting” function f(s), one wants to estimate averages

> )

1<H<T

Depending on the function f, this may require further knowledge on the p,
for example, their vertical or horizontal distribution.
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Example. We already have ((p) = 0. So what can be said about the

moments
> p)Px 7

1<y<T
o Milinovich & Ng, 2014 On RH, for kK > 0,

D 1 (p)PF> (log T)FEF2),
1<y<T

o Kirila, 2020 On RH, for k > 0, Z I'(p)[Pk <k (log T)k(k+2),
1<y<T
We thus have on RH

> 1 (p)P<~ C(log T) (k+2),

1<~A<T

©

©

Gonek, 1984 An asymptotic for the case k =1 on RH.
Ng, 2004 Upper and lower bounds for the case k =2 on RH.
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]
MOMENTS OF DIRICHLET POLYNOMIALS

Example. Let

be a Dirichlet polynomial. Compute

> Alp)~.

1<H<T

Many times in the usual setting, one wants to compute

/:A(;—Ht)kdt

or the so-called joint moments involving another polynomial.

5/18



_________________________
MOMENTS IN THE USUAL SETTING

Due to the identity
1
uv = Z(‘u +vP—|u— vPP+ilu+ ivP=ilu — iv]?),

we can focus on computing second moments, or even moments in general,
instead of joint moments.

MONTGOMERY-VAUGHAN MEAN VALUE THEOREM
T |59n‘ ’7|317|2
LS ] =T o X )

n<N n<N n<N
In practice, N needs to be chosen sufficiently small.
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DISCRETE MOMENTS, HISTORY

THEOREM (GONEK, 1984)

Let pu,v € Z>q. For bg(%’% < %

. 2mwa 5 ] 2ra
2 o g i)

/\/( ] )
~ C [} [} |o ] # v 1.
(AL 14 a) ( g )

v+1

This is a discrete analogue of a result of Ingham:

/1 C(“)( +:t>§(1’)< +1t)dt~u

log T)#t+v+1
— 1l T)
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THEOREM (GONEK, 1984)

For atritzmy <

2 o+ g (-~ i)

N(T)
~ N (log TV L

The result is proved by computing the contour integral

L[< SO s+ i8)(1 5~ i5) ds
OR

27

for |6]< % R is suitably chosen to be a nice rectangle with vertices
a+ia+iT,1—a+iT,1—a+iwith0<a< 3.



]
AN APPLICATION

For the zeroth derivative, Gonek's result gives

ma sin?(ra
127’ ‘C<% o im> ’2 ~ (1 - (7r‘(9)2)>N(T) log T.

This can be looked at in view of the classical Hardy-Littlewood result:

/1T‘C(é+it>‘2dt~ Tlog T
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AN APPLICATION

COROLLARY (MUELLER)
Let

. lo
A = limsup (yn — Yn-1) o7,

n—o00 27T

On RH, we have \ > 1.9.

ProoFr.
Cover the interval {1 + 1, % + iT} by symmetric intervals centered around

each zero 2 + iv. They will be of length at least W That is, for

(> A
12 T
1<7<T/Vif/2 ‘C<;+i7+i|og(72'7;?27r))>‘2da>/1 ‘Ce“t)rdt'
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By substituting Gonek's result and Hardy-Littlewood's result,

+e/2
/;m !4(% i ilog(72'7;‘(327r))> ‘2 da

€/2
T)/ sm a)>da> Tlog T
/2

1<~A<T

For the near optimal choice of £ = 1.9, the above inequality is valid, so A

is at least 1.9.
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_________________________
ANALOGUE TO SELBERG’S CENTRAL LIMIT THEOREM

Interested in moments of

log|¢(p+ z)| for small and nonzero z.

| =
o log|¢(p + 2)|= )+ R Zg +W+MZ+ some other terms
p< T

where

M(p,z) = m(p + i%z){ log ((%z)iog T) — (%z)iog T}.

o Conditionally on RH and the pair correlation conjecture, we can
obtain asymptotics for moments

> (logl¢(p + 2)|-M(p, z)

1<7<T

)2k

by computing moments of the above Dirichlet polynomial.
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Calculate

> (rY mY

0<~<T p< X2 P

k . »
:zlka()(f) > (T pveren) (X graviorsa)

1<9<T  p<X? p<X2 P

Here

> (Z prrera) (Z prreren)

I<y<T  p<Xx? pSXQP
= () e 2 ()
ping <X p1---pj \/p1...qu1...qk,j1§7ST pL...pj
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Landau-Gonek formula Assume RH. For x > 1,

o For x =1, the sum above is N(T).

©

1 .
For x < 1, we can replace x by — and take conjugates.
X

o Note that we have a main term for prime power x.

©

Usually we are especially interested in the case where x is a prime.
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]
INTERLUDE

e In general, to be used in computing discrete moments of Dirichlet
polynomials, a general formula can be obtained from the Landau-Gonek
formula.

LEMMA
Let N < T.

NP

0<y<T n<N

= N(T) n2_7 T m?nA(”/m)
( r;V|a ‘ m;N 1% /n 27I' mn<Na Vv n/m

O(NlongoglogT Z ]anam\\/7>+O<Nlog TZ\an]2>

n<m<N n<N
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Recall

> (A% i)

0<y<T  p<X?

X (Bt Ly (et
PG <X? p1-..pj \/P1...ijI1...qk_j0<7§T p1-..p;j

Let N < Tsik. By using the Landau-Gonek formula, for even k,
1 k k! P
> (% > m) ~ WN(T)(log log NV)z.
0<y<T p<N
For odd k,

> (R o)

0<y<T  p<N p
- (k+1)!  sin((Sz)log N) — sin((3z) log 2)
2401 ((k+1)/2)! m v

T (log log N)%
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For even moments, when we choose k suitably, we then deduce

S (log[¢(p+ 2)] — M(p, 2))* ~ 2,((,f!/z)!N(Txlog l0g T)

0<y<T
NOTE. This is following the footsteps of Selberg’s central limit theorem.

k
2

C., 2020
Assume RH and Montgomery's Pair Correlation Conjecture. Let
z = u+ iv be nonzero with 0 < u K and |v|< Iog%r Then

Iong
log|¢(p +2)| — M(p.2) _ 8 b]}

1
T T

/ e /2 gy 10 (IogloglogT))
\/ﬂ Vieglog T )’

where

M(p, z) = m(p + iv)(log (eulzg T) _ ulo4g T>'
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Thank you!



