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Moments of the Riemann zeta-function

Conjecture (Folklore)

2T
/ ¢ + it)[?* dt ~ ek T(log T)k2 as T — o0
-

for some (unspecified) constant cy

e c; = 1 (Hardy and Littlewood, 1918)
e ¢ = 1/(272) (Ingham, 1926)
e No other ¢, is known (i.e. proven), but we have conjectures:
e Conrey and Ghosh (1993): c3
e Conrey and Gonek (1998): c3 and cs
e Keating and Snaith (1998) using
random matrix theory: ¢k for all complex k with Re(k) > —1/2
e Diaconu, Goldfeld, and Hoffstein (2000) using
multiple Dirichlet series: ¢ for all positive integers k
e Conrey, Farmer, Keating, Rubinstein, and Snaith (2000) via
a procedure called the recipe: ¢, for all positive integers k
o All the conjectured values of c agree.
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The CFKRS recipe for moments of zeta

2T
o Let Mpp(T) = / [TcG+a+i) [T¢G+8-it)dt,
T aca BeB
where the “shifts” «, 8 are small complex numbers.

e basic steps in recipe: Use the approximate functional equation,
ignore any oscillating terms, ignore any “off-diagonal” terms
e The expectation is that these ignored terms somehow cancel

Conjecture (CFKRS, 2000)

Mag(T) ~
/2T (t)_gua_%,ﬂz Tavuv- (M7 vuu-(n) dt
T 2w n
UCA,VCB n=1
U=V
e Notation: H ((a+s) = Z TAIfsn) and U~ :={—-a:a € U}

acA n=1
= |

e We call the cardinality |U| = | V| the number of swaps
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Example: fourth moment of zeta (known)

Conjecture (CFKRS, 2000)

2T
/T HC(%JraJrit)Hc(%Jrﬁ—it)dtw

a€A BeB
Z 2T (t)_azezua_%,ﬂi Tauuv-(MTe vuu-(n) dt
T 27 n
UCA,VCB n=1
[Ul=| V|

If A= {051,062} and B = {BlvﬁZ}’ then

C(1+ a1+ B1)C(1 + a1 + B2)¢(1 + az + 1)((1 + a2 + (2)

(24 a1+ a2+ B1+ Ba)
= Z(a1>a2;ﬁlaﬂ2)7 say.
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Example: fourth moment of zeta (known)

/ HC + o+ it) HC + B —it)dt ~

a€A BEB
2T _
t (Eu B%/BZ Tawov—(M7e vuu-(n) dt
2w n
vcavceY T n=1
[Ul=|VI|

Theorem (CFKRS, 2000)

<( + a1+ it)((5 + a2 + it)((5 + B — it)C(5 + B2 — it) dt ~

T2T
/ {Z(al,a2;517ﬁ2)
.
t

+ (i)ialiﬁl Z(—p1, a2; —ax, f2) + (7)7‘11762 Z(—p2, az; pr, —aa)

27 5 2 p
+\ —02—B1 t\ 2B

I <§> Z(oa,—pr1; —az, f2) + (g) Z(0a,—P2; f1, —a2)
t \ —o1—o—PB1—B

+<E) Z(—B1, — B —au, —az) b dt.
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Analogous theorem in random matrix theory

Conjecture (CFKRS, 2000)
2T

/ [1¢G+a+it) [T<G+B—it)dt ~
-

a€A BEB
2T _ _ e’}
tNTEC B%/BZ Tawov—(M7e vuu-(n) dt
2w n
vcavceY T n=1
[Ul=|VI|

v
Theorem (CFKRS, 2000)

Let U(N) be the group of N X N unitary matrices. Then integrating with
respect to the Haar measure gives

/ Hdet (1—e M) Hdet (1—e_5M_1) dM
UN) aea BeB

- Ze-T B - -
= > (&) v & Z(ANUUVT,BNVUUT),
UCA,VCB
[UI=IV]
where Z(A,B) = ] (1—-e*")™h
a€A,BEB
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The recipe for moments of quadratic Dirichlet L-functions

e Let xs4(-) = (8d|-) be the Kronecker symbol. This is a real
primitive character for odd square-free d.
e We have the approximate functional equation

Xea(n) <8d> Y Xed(n)

n%""o‘ m

L(%‘FOL,ng)% n%_a .

e \We also have the expected value
> wPd)xea(n) = Y pP(2d)
d<D d<D
(d,n)=1
if nis an odd square, and = 0 otherwise. These lead to

Conjecture (CFKRS, 2000)

> i22d) [T LG + o xsa)
d<D acA
- S a
8d\ T, -(n)
2 g ev A\ UUU
> Y s (2) 5 e
UCAd<D 1§11<Doo
(n2d)=1
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Multiple Dirichlet series

e We may use Perron's formula to write (assuming convergence)

1 DY
(2 L —F(A;
> 12(2d) H o) = 5 [ FlA )

d<D a€cA

where F(A; w) M 2d) H L l+04,X8d).

acA
e Expanding each L- functlon leads us to expect a pole at w = 1.

e By the functional equation

8d\ “
L(% + &, X8d) ~ (W) L(% — @, X8d);

we have for each U C A the functional equation

8\ .=
F(A: w %() acy F(A\UUU;W—i- a).
(Aw) =~ (= >
e Thus we expect a poleat w =1—3% _, «a for each U C A.
e In ongoing work, Martin Cech and | show that the residue of F(A; w)
at w=1-) .y« gives rise to the term corresponding to U in the
recipe prediction.
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Dirichlet polynomial approximations

e To understand how the off-diagonal terms cancel, Conrey and
Keating (2015) examined Dirichlet polynomial approximations of zeta.
e Using Perron's formula and the recipe, we expect that

/ SR Y

m<X m2+’t ne
Xz+w 2T
t — It

G e A VECRRe VEER

he x dt dw dz
z+w 2T — a _
/ / Xzt / ( t ) Zlet2)= & (Btw)
27” (e) (o) vcaves’T 2m
[UI=|V|

XZ A~ U0V, )Tsw\kuu (n )dtdwdz

X z+w
o If |U| =|V| = ¢, then we have (tf) here. Thus, intuitively, the

(-swap terms contribute to the main term only if X > T*
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One-swap terms for moments of zeta

e Conrey and Keating (2015) found that the 1-swap terms for zeta are
the consequence of formulas for correlations of divisor-sums
e This connection has been made rigorous by Alia Hamieh and Nathan Ng

Theorem (Hamieh and Ng, 2021)

Assume the expected asymptotic formula for correlations of divisor sums.
If X=T7" withl <n <2, thenas T — oo,

[ rHmsan.. e s
Z-Ht = né—lt 27” ©

m<X UCA VCB
0<[U|=|V|<1
2T _ _
t 7ot g (Bw) Tatuvg (M7s,<v,uur (1)
x| (5= > dtdwdz
T & 1<m,n<oco mn
m=n

e The mentioned “expected asymptotic formula” results from applying
the delta method of Duke, Friedlander, and Iwaniec (1994) to the sum
Z Ta(m)rg(n)f(m, n) for a suitable f, and ignoring error terms.

1<m,n<oco
m—n=h
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One-swap terms for moments of zeta

e Conrey and Keating (2015) found that the 1-swap terms for zeta are
the consequence of formulas for correlations of divisor-sums
e This connection has been made rigorous by Alia Hamieh and Nathan Ng

Theorem (in progress)

Assume the expected asymptotic formula for correlations of divisor sums.
If X=T" withl <n <2, thenas T — oo,

P a1 e
T N mztit — ni_’t (27TI (e)

m<X UCA VCB
0<|U|=|V|<1
2T _ _
t agu(ajq) ﬁ%v(ﬁJrW) 7-AZ\UZUVW’(m)TBW\ VWUU;( )
X o E Jmn dtdwdz
i
T 1<m,n<oco
mN=nM

e The mentioned “expected asymptotic formula” results from applying
the delta method of Duke, Friedlander, and lwaniec (1994) to the sum

Z Ta(m)Tg(n)f(m,n) for a suitable f, and ignoring error terms.

1<m,n<oco
mN—Mn=h
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One-swap terms for moments of primitive Dirichlet L-functions

Caroline Turnage-Butterbaugh and | have proven, on GLH, that the
1-swap terms predicted by the recipe are correct for the family of Dirichlet
L-functions of primitive characters (averaged over the conductor).

Theorem (B. and Turnage-Butterbaugh, 2022)

Assume the Generalized Lindelof Hypothesis. If X = Q" with1 <n < 2,
then as Q — oo,

Ta(m ()X (n)
T Ty s ol

Q<q<2Q xmodg m<X n<X
X7 3 (at2) X (B4w)
( ) aclU BevV
zw Z Z Z
©) UCA,VCB Q<q<2Q xmodq
0<[U|=|VI<1

y Z TAZ\UZuv;(m)TBW\quU;(”) dw dz
v'mn

1<m,n<oco

m=n
(mn,q)=1

The cornerstone of our proof is the asymptotic large sieve developed by
Conrey, lwaniec, and Soundararajan (2011).
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One-swap terms for moments of primitive Dirichlet L-functions

Caroline Turnage-Butterbaugh and | have proven, on GLH, that the
1-swap terms predicted by the recipe are correct for the family of Dirichlet
L-functions of primitive characters (averaged over the conductor).
Theorem (B. and Turnage-Butterbaugh, 2022)

Assume the Generalized Lindelof Hypothesis. If X = Q" with1 < n < 2,
then as Q — oo,

x Ta(m)x(m) T5(n)x(n)
PO INUD D D Dy

QR<g<2Q xmodgq m<X n<X

[Ty oy (e ReRe
@riY Jo)Jo) Wy avcs 0le220 xmada T
0<[U|=|Vi<1

y Z TAZ\UZuv;(m)TBW\quU;(”) dw dz

NCT

The cornerstone of our proof is the asymptotic large sieve developed by

Conrey, Iwaniec, and Soundararajan (2011).
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One-swap terms for moments of quadratic Dirichlet L-functions

Brian Conrey and Brad Rodgers have proven, on GLH, that the
1-swap terms predicted by the recipe are correct for the family of
quadratic Dirichlet L-functions.

Theorem (Conrey and Rodgers, 2020)

Assume the Generalized Lindelof Hypothesis. If X = D" with
1<n<2, then as D — o,

Ta(n)(8d|n) 1 XZ
2 MQ(M)ZAT - 27Ti/(e)z

D<d<2D n<X

8d\ X, Ta,u,uus (1)
x Y Y, H(2d) (W) I S “\z}n"z dz

UCA D<d<2D 1<n<oo
0<|U|<1 n=0]
(n,2d)=1

Here, (8d|n) is the Kronecker symbol. The cornerstone of their
proof is a technique developed by Soundararajan (2000) that uses
the Poisson summation formula to transform smoothed sums of
(8d|n) over d into sums of Gauss-type sums.
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One-swap terms for

Brian Conrey and Brad Rodgers have proven, on GLH, that the
1-swap terms predicted by the recipe are correct for the family of
quadratic Dirichlet L-functions.

Theorem (Conrey and Rodgers, 2020)

Assume the Generalized Lindelof Hypothesis. If X = D" with
1<n<2, then as D — o,

S l(d) sdim) 3 AOEAD) L[ X2

D<d<2D n<X vn 2ri Jie) 2

B ) 7
xS Y 422d) (8d> e 5 Tasvouz (M)

Vn

T
UCA D<d<2D 1<n<oo
0<|U|<1 AM=0]
(nM,2d)=1

Here, (8d|n) is the Kronecker symbol. The cornerstone of their
proof is a technique developed by Soundararajan (2000) that uses
the Poisson summation formula to transform smoothed sums of
(8d|n) over d into sums of Gauss-type sums.
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1-swap terms for L-functions associated with Hecke eigencuspforms

Brian Conrey and Alessandro Fazzari have proven, on GLH, that the
1-swap terms predicted by the recipe are correct for the family of
L-functions associated with Hecke eigencuspforms H, of weight k, with
k =0 (mod 4). For f € Hy, let A¢(n) denote the nth Hecke eigenvalue
of f.

Theorem (Conrey and Fazzari)

Assume the Generalized Lindelof Hypothesis. Let A= {a,...,a,}.
If X = (k?)" with 1 < n < 2, then as k — oo,

Z Z Z )\f(ml)-~->\f(m,)

fer m<X my--m,=m
1 / K2 —EEDV(aH)
Z Y — =] G(A;\ VUV, )dz.
~ oni wr \ 42
() VCA feHy
0<|\7|§1

.

Here, wr is the natural weight that arises from the Petersson norm, and

(cos ) -+ Uord,(m,)(cos ) sin® 0 df

s 1 Hp - fo ord,(my)
A)—mz::lﬁ Z mf‘l._.m?’r

my---my=m
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1-swap terms for moments of L¢(s), f € Hy

Brian Conrey and Alessandro Fazzari have proven, on GLH, that the
1-swap terms predicted by the recipe are correct for the family of
L-functions associated with Hecke eigencuspforms H, of weight k, with
k =0 (mod 4). For f € Hy, let A¢(n) denote the nth Hecke eigenvalue
of f.

Theorem (Conrey and Fazzari)

Assume the Generalized Lindelof Hypothesis. Let A= {a,...,a,}.
If X = (k?)" with 1 < n < 2, then as k — oo,

Z 1 )\f > \F 3 )\f(:%?:::z\qf;rmr)

fEHk m<X my---m,=m
XG:V(OH—Z)
— ) ° Gu(A, ~ VUV, )dz.
ailys 2o () T e o
VCA feHy
0<|V|<1

.

Here, wr is the natural weight that arises from the Petersson norm, and

I1, = ordy (m1) (€08 0) -+ Uord(m,) (€08 8) Uora (1) (cos 6) sin 20do
N N .
\/7 mite-m;

my---mp=m
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Higher swap terms: The Conrey-Keating heuristic

o Inspired by ideas of Bogomolny and Keating (1995), Conrey and
Keating (2019) have developed a heuristic that shows how we may be
able to split moments of zeta to get the /-swap terms for general £.

e In ongoing work, Brian Conrey and | refine the heuristic and adapt it to
other families of L-functions.

e Starting observation: if we partition A= A; U---U Ay, then
TA = Ta, * -+ * Ta,, and similarly for B. Thus

78(n)
/ Z m2+/t Z i dt
X£+n 2T °° > m8(n )
271'[ / /2 / m2+5+’t Z 1+77 dt dg d’l]
1 XE+n 2T L (0 TA.(m) =, 75,(n)
N (27ri)2/ / / lJ+§+ff > ~Tinw (dtdEdn
2 /(2 m2 =1 112

e Instead of using this, we introduce some twisting and replace each
factor by its average with respect to only the 1-swap terms
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Higher swap terms: The Conrey-Keating heuristic

e By Perron’s formula and writing 74, 75 as Dirichlet convolutions
(from prewous slide):

2T TA ( )
/ Z +lt Z Lt dt

m<X m2 n<X nz2

1 X&+n 2T ¢ e > TB( )
(2mi)2 /(2) /(2) / {mz %+§+:t Z }dtdfdn

e We consider instead

1 X&+n
o o
(271'/)2 (2)

2T 4 < > ra(m) & 7a(n)

< S () s s e

T (E!) IV T Vi — matEtit p— pztn—it .
(M;,N;)= 1vj

X dt d¢ dn
e Here, the symbols ( ); mean that we are replacing the integrand
of the twisted moment by its average with respect to only the
1-swap terms.
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Higher swap terms: The Conrey-Keating heuristic
xé+n 27 1
8= 2m //2 / (¢)? Z H{ 2

My --My=Ny--N; j=1 \ UCA;,VCB;
(M;,Nj)= 1VJ |U|=|V|=1
£ 500 S0 e vovi (M), vouz ()
X (7) aclU Z
2m 1<m,n<oco v mn
mh;=nM; x dt d¢ dn

e We write the sum over U, V' as a multiple contour integral along
small circles

e We then evaluate the sum over My, ..., My, Ny, ..., Ny using the
“unitary identity”

Ta(m)te(n)\ Ta(m)5(n)
Z H Z msns - Z ms ns
My---Mp=N7---Np j=1 \1<m,n<oco 1<m,n<oco
(M;, N) 1Vj mh; —nM m=n
e This leads to the prediction that Sy is asymptotic to a certain

“Vandermonde integral”
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Vandermonde integral prediction for zeta (B. and Conrey)

§+7] 2T
S i@ o o @ / 1
Z|)2 27TI 2) 27TI (27i)2¢ |z1|=e |zg|=¢
7{ % i £ (z+wj—€—n)
wi=e I lwgl=e 27‘

< [[¢a+a+B+é+n) [ cCO+a+z) [] ca+B8+w)

acA 1<j<e 1<j<¢
BeB a€cA BeB
x [T Woa+a+é+n—w) [ W/Q@+8+¢+n-2)
1<j<¢ 1<j<¢e
acA peEB
< [ @oa-z+z) [ 1/O)0—w+w)
1<ij<t 1<ij<e
i i#J
< [ caQ+z+w—¢6—nCA-z-w+&+n)
1<i,j<¢e

x A(A,B,Z,W,£+n) dwg---dwi dzp- - - dzy d€ dn

e Here, A is an absolutely convergent Euler product that has an explicit
definition.

e The right-hand side may be evaluated to give exactly the ¢-swap terms from
the recipe prediction for moments of zeta.
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Vandermonde integral theorem in RMT (Rodgers and Soundararajan)

Let U(N) denote the group of N x N unitary matrices, with Haar measure.
Then
min{|A|,| B[}

/ Hdet 1—ea)Hdet(1—e_ﬁg_1)dg: Z Je,

) acA BeB =0

where J; is defined by

o :W ?{g\ﬂs(@ fizﬂ—a . 7\2\—5 7{.”1\—5 . fwﬂ:a

x (") =& O [T s +8) [] sta+2) [] 38+ w)

acA 1<<¢ 1<j<e
BeB a€cA BEB
x [T Wae+é—w) [] W/a)B+¢-2)
1<j<e 1<j<e
a€cA BeB
< I Wa)z—2z) [[ (/3)(wi—w)
1<i,j<¢t 1<i,j<e
i#j i#j
x 1 3z+w—8s(-z—w+¢)

1<ij<t
X dwg---dwi dzp---dz d€,

with 3(x) defined by 3(x) := (1 — e ).
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