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Motivation: An Isogeny Criterion for Elliptic Curves

« E;,i=1,2:non-CM elliptic curves over a number field K.
« p: prime of good reduction for E; and E,.
« mp(E;), i = 1,2: Frobenius endomorphism of the reduction E; mod p.

« Q(mp(E;)), i = 1,2: Frobenius fields of E; at p.

« ay(E;), i = 1,2: Frobenius trace of E; at p, a,(E;) = m,(E;) + mp(E).
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« E;,i=1,2:non-CM elliptic curves over a number field K.
« p: prime of good reduction for E; and E,.
« mp(E;), i = 1,2: Frobenius endomorphism of the reduction E; mod p.

« Q(mp(E;)), i = 1,2: Frobenius fields of E; at p.

« ay(E;), i = 1,2: Frobenius trace of E; at p, a,(E;) = m,(E;) + mp(E).

« E;isisogenous over K to E, (denoted E; ~% E) if and only if 3 quadratic extension L/K s.t.

E1 ~ E2.

e Isogeny criterion: If £y ~5 E», then Q(my(E7)) = Q(my(E)) for all but finitely many p.
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Motivation: An Isogeny Criterion for Elliptic Curves

Theorem (Kulkarni-Patankar-Rajan (2016))
X
E; 7(/? E, <— fEl,Ez(X) =0 <@> 9

where F, ,(x) := #{p : Nk(p) < x, Q(7p(£1)) = Q(mp(E2))}-

Fr,e(X)~#{p - Ni(p) < x, |ap(Er)| = |ap(E)[}-

(True if degp = 1 and Q(, (E7)) & {Q(1), Q(iV3)})
Conjecture (Kulkarni-Patankar-Rajan (2016))
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Baier-Patankar (2018)

« Under GRH: F, £,(x) <, 5. xnte

« Unconditionally: Fg, f,(x) < M,

1,E

(log )@
Let £,/K, E;/K be non-CM, not K-isogenous elliptic curves.

A remark of Serre (2005)
« Under GRH:

Fre(x) = #{p : Ne(p) < x,Q(mp (1)) = Q(rp (E2))Z {Q1), Q(iv/3)}} < x.
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Motivation: Strong Multiplicity One Theorem

« 7, i = 1,2 : unitary cuspidal automorphic representation of GL,(Ax), where Ak is the adéle

ring of the number field K.
« Ty, i = 1,2: corresponding irreducible local representation of GL,(K,).

« ap(m;), i = 1,2: trace of the Langlads conjugacy class of m; , at unramified prime p.
Jacquet, Piatetski-Shapiro (1979), Shalika (1983)
™~y & ap(m) = ap(m) (& mp ~ ™ p) for all but finitely many p.
Ramakrishnan (2000)
Let 7, 7, be the cuspidal representations associated to holomorphic modular forms.

Ad(7) ~ Ad(7,) < |ap(m1)| = |ay(m2)| for all but finitely many p (& 7 ~ 7, ® X, x a Drichlet

character).
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Motivation: Strong Multiplicity One Theorem

Let 7y, m, correspond to non-CM newforms of weight ki, k, > 2 and level g1, g, then
X
Ad(m) # Ad(ms) = Fr(x) = 0 < x: ap(m)] = lanm)l) = o ().
Assume Ad(m) % Ad(m,).

Murty-Pujahari (2017) Under GRH (for certain Rankin-Selberg L-functions of the symmetric

powers of 7y, 7,):

ool

b
.Fm,ﬂ'z(x) <<k1,kz,q1,(h (lngi)% .
Wong (2018)
« Under GRH (same as above):
5
X6
Frrma (X) ey g0 m~

« Unconditionally: .

(log x)(log log x)2 ¢’

]:71'1,7"2 (X) <<k1,kz,<h ;G2,€



Main Result

Theorem (Cojocaru-Hinz-W., 2024)

Let E; and E, be non-CM elliptic curves over a number field K, and not K-isogenous. Let

Fe.6(x) = #{p : Nk(p) < x,Q(mp(£1)) = Q(mp(E2))}-

Then for any sufficiently large x,

e Unconditionally:

x(log log x 5
T, 6(X) <6 6k (7;
(log x)
e Under GRH for Dedekind zeta functions:
6
X7

Fe 6 (x) <6k 7——3-
(log x)7
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Proof Strategy

Let o7 and v, be coprime integers. Consider:
L (x) = #0p : Niclp) < x, a10y(E) + a2y (E) = 0}.
Fre 5(x) <
Tah (0 + TaE (0 + Y cicn #1002 Nip) < x, QD) € {Q(0). Q(V3)}).
#{p - Nip) < x, Qs (E)) € {Q(1), Qiv/3)} } is known (Zywina (2015)):
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Related to the Lang-Trotter Conjecture for Frobenius fields of non-CM elliptic curves.



Proof Strategy

Let oy and a, be coprime integers. Consider:
£ (x) = #{p - Ni(p) < x, aray(Er) + azap(E;) = 0}
Fee(x) <
Te 6 () + Te g (%) + X <ico #p - Nk(p) < %, Q(my(E) € {Q(1), Q(iv/3)} -
#{p : Nie(p) < x, Q(my(£)) € {Q(i). Q(iv/3)}} is known (Zywina (2015)):

2
e Unconditionally: <, « %
4
e Under GRH: <, x ——
(log x)5

Related to the Lang-Trotter Conjecture for Frobenius fields of non-CM elliptic curves.

Qq,00

= It suffices to estimate 7, ;" (x).
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Estimation of 7;/"’(x): Galois representation

Let Ng,, Ng, be the conductors of E;, E;.
Consider modulo ¢ representation of E; X E,, for some ¢ = /(x):
Pexie = (e s Prye) + Gal(K/K) — Aut(Ey x E[f]) =~ GLy(Fe) x GL,(IFy).

Open Image Theorem for E; X E,: for £ > 1,
Gal(Ky/K) = Im(pg, «g,.0) = G(£) := {(M, My) € GLy(FF¢) x GLy(IFy) : det My = det M, }.

aq tr(pg, o(Froby)) + az tr(pg, o(Froby)) = avay(Ey) + azap(E;) =0 (mod £), p { €Ng, N,.

Co(g)al"az = {(M],Mz) S G(g) Do tr M1 —+ p tr M2 = 0}

E?)][;;lz(x) — TCy(0)a1-22 (X7 Ky/K) .
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Uncnditional estimation of 7. (x)

By unconditionally effective Chebotarev Density Theorem:

|Crroj (£)°12

P00 li(x) <

o A®) )
A O . (x, K. /K) < Togx’

as long as

2
|0gX > n?(€18(|og(€NE1 NEZdK))z (>> [Ké\([) : K] (lOg |dK2\(e)|) ) .
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By unconditionally effective Chebotarev Density Theorem:

|Crroj (£)°12

P00 li(x) <

o A®) )
A O . (x, K. /K) < Togx’

as long as

2
|0gX > n?(€18(|og(€NE, NEZdK))z (>> [Ké\([) : K] (lOg |dK2\(e)|) ) .

U(x) = [a(logx)&}

(log log x)3

for some positive constant a = a(ha, nk, d, Ng,, Ng,, a1, az), we get

We take

x(log log x)%

E?,1l:12‘12(x) <66 K ara ( )Q
og x)



Estimation of 7;"7(x) under GRH

T (%) < max T (
b (%) y()<E<y(x)+u(x) - Crori()o102



Estimation of 7;"7(x) under GRH

x, )
X)) K max T (
b (%) y()<E<y(x)+u(x) - Crori()o102

Effective Chebotarev Density Theorem under GRH and AHC:

é\Borel(g)aha2 ) ‘U/(é)‘ X
Te@ener (X, Ke/K) - < |B(0)| " log x
1 1
~ 5 2 /
+ |Coor ()| [k 2 K12 log M (KZU ® /Kf“))
og x
< X fg X% ) |Og(£N1N2dK).

llog x log x ng

1

y(x) = |d- |, u(x) = [d'y(x)? (log y(x))*"]
(log x)}

for some positive constants a’ = a'(ha, nk, di, N1, Na, i, ) and @’ = a” (ha, nk, di, Ni, Na, o, a2) and get

6
X7

Te '8 (%) a6 kom0 —5-
(log x)7
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