Gaps in the sequence /n (mod 1)

Based on Elkies-McMullen (2004, Duke Math Journal)

Keivan Mallahi-Karai

Jacobs University Bremen



Set up

Thet set
(Vk} 1< k<N

divide S* = R/Z into N intervals Ji,..., Jy. Set a; := N|J;| for
1</ <N and
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Quesntion: Does there exists a limiting distribution A of uy as N — oo.
|.e. for all bounded continuous functions f : R — R
9
/ f(x) dee — | f(x)dA(x).
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Theorem (Elkies-McMullen, 2004)

As N — oo, un converges weakly to a probability measure continuous
with respect to the Lebesgue whose density function is given by

/

6/ if 0<t<1/2
F(t) =4 F(t) if1/2<t<2
| F3(t) if £>2

where F,(t) and F3(t) are explicit analytic functions.

0.5




Goal of today’s lecture

Theorem (Elkies-McMullen)

The probability p(g) that a random unimodular affine lattice A in RZ
intersects a given triangle S, of area p satisfies

where F i1s as above.
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groups and spaces

o I (G SLs(Z)

e L =SL,(R)/SLy(Z), equipped with the probability measure g
\/
o L7 = G/I ~ ASLy(R)/ASLy(Z), equipped with the probability

L —

measure (g

defined by
Ax+b—A D

e L2 is a torus bundle over L.
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Flows on spaces
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Geodesic fl L defined by g.
e Geodesic flow on efined by g o€

o Teichmiiller flow on £ defined by {A, :s >0}, 2

e The Teichmuller flow is ergodic and mixing.
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N-invariantce

More generally, we consider
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Ratner’s theorem

Theorem (Ratner)

Let [ be a discrete subgroup of a Lie group G and N be a unipotent
subgroup of G. Let v be an ergodic N-invariant probability measure on
G /I and J = stab(v). Then there exists x € G/I" such that

v(J - x) =1. Moreover, J - x is closed in G/I" and coincides with the
support of v.
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