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Pair correlation of a sequence

Let F be a finite set of cardinality N in [0, 1]. The pair correlation
measure R (/) of a finite interval | C R is defined by

E
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Pair correlation of a sequence

Let F be a finite set of cardinality N in [0, 1]. The pair correlation
measure R (/) of a finite interval | C R is defined by

E

I+ Z}.
N+}

1
N#{(Xa)/) Efz:X#)G X—ye
The limiting pair correlation measure of an increasing sequence (Fp),, is
given (if it exists) by
R(I) = lim Rg, (1)

n—o0
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Pair correlation of a sequence

Let F be a finite set of cardinality N in [0, 1]. The pair correlation
measure R (/) of a finite interval | C R is defined by

E

1 2 .
N#{(Xay)EF .X;’éy,X }/EN

I +7Z}.
The limiting pair correlation measure of an increasing sequence (Fp),, is

given (if it exists) by
R(I) = lim Rz, ().

n—o0

then g is called the limiting pair correlation function of (F,),.
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Montgomery's pair correlation conjecture
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Montgomery's pair correlation conjecture

[Montgomery, 1973] conjectured that, for any fixed 8 > 0,

o Tlog T [P Sinmu\?
NB T)= > 1~27r/0 <1—< — >>du,

0<yY'<T
1 278
S log T

0<y—y

as T — .
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Montgomery's pair correlation conjecture

[Montgomery, 1973] conjectured that, for any fixed 8 > 0,

o Tlog T [P Sinmu\?
NB T)= > 1~ > /0<1—<7Tu>>du,

0<yY'<T

2
0<y—' <27

as T — oo.
[Montgomery, 1973] For « € R and T > 2 defined

2w ; ’
F = F T = T’OC(’Y_'Y ) _ A

where w(u) = 4/(4 + u?).
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Montgomery's pair correlation conjecture

Bittu Chahal (I1ITD) Spacing statistics of Farey Sequence June 21, 2024



Montgomery's pair correlation conjecture

He proved assuming RH that if « € R and T > 2 then F(«) is real, and
F(a) = F(—a). If T > Ty(e€) then F(a) > —e for all a. For fixed
satisfying 0 < a < 1 — € we have

F(a)=(1+0(1))T **log T + a + o(1), as T — oo.
[Montgomery, 1973] conjectured that for o > 1,

F(a) =1+ o(1).
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Farey Sequence
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Farey Sequence

Definition

Let Q be a positive integer and denote by F¢ the set of irreducible
fractions in [0, 1] whose denominator does not exceed Q,

foz{s:OSaSqSQ,(a,q)zl}-
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Farey Sequence

Definition

Let Q be a positive integer and denote by F¢ the set of irreducible
fractions in [0, 1] whose denominator does not exceed Q,

foz{s:OSaSqSQ,(a,q)zl}-

Example

M@ =1+ i) = 2% +0(Qlog Q).
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Distribution of Fg
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Distribution of Fg

@ The Farey sequence is uniformly distributed in [0, 1].

Bittu Chahal (I1ITD) Spacing statistics of Farey Sequence June 21, 2024



Distribution of Fg

@ The Farey sequence is uniformly distributed in [0, 1].
o [Franel, 1924]

M)
RH <= Y |3() = 0 (QV2+),
j=1

where
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Distribution of Fg

@ The Farey sequence is uniformly distributed in [0, 1].
o [Franel, 1924]

M)
RH <= Y |3() = 0 (QV2+),
j=1

where

e [Landau, 1924]

N(Q)
RH <= > 6%(j)=0(Q ™).

j=1
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Pair correlation of Farey fractions
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Pair correlation of Farey fractions

Theorem (Boca and Zaharescu, 2005)
The pair correlation function of (Fq)q is given by
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Pair correlation of Farey fractions with divisibility

constraints on denominators

@ [Xiong and Zaharescu, 2008] studied the pair correlation of Farey
fractions with prime denominators.

e [Xiong and Zaharescu, 2011] studied the pair correlation of Farey
fractions with denominators coprime to Bg.

@ [Boca and Siskaki, 2022] studied the pair correlation of Farey fractions
with denominators in some arithmetic progression.

@ [.B and Chaubey, 2024] studied the pair correlation of Farey fractions
with square-free denominators.
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Visible lattice points along polynomials
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Visible lattice points along polynomials

@ For a fixed vector ¢ = (¢p, €p—1,- - , 1) € Z" with ¢, # 0, ¢; > 0 for
all i, and ged(cp, cn1,- -+ ,c1) = 1, let P(x) = c,x" + -+ - c1x, we
define

b = qP(a) for some g € QF, # (a', ') € N2

such that b’ = ¢'P(a'), and & < a, b’ < b

V(c) = {(a, b) € N?

June 21, 2024
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Visible lattice points along polynomials

@ For a fixed vector ¢ = (¢p, €p—1,- - , 1) € Z" with ¢, # 0, ¢; > 0 for
all i, and ged(cp, cn1,- -+ ,c1) = 1, let P(x) = c,x" + -+ - c1x, we
define

V(c) == {(37 pyen? | 2= gP(a) for some g € Q*, # (2, 1)) € N }

such that b’ = ¢'P(a'), and & < a, b’ < b

V(1) = {(a, b) € N? |gcd(a, b) = 1}.
@ Denote

S ={(a, b) € N°| gcd(P(a),b) = 1}.
e SC V().
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Polynomial Farey fractions

Let c = (c1,--+ ,cn) € Z" be a fixed vector and P(x) = ¢c,x" + -+ + a1 x.
Define

Fop = {: |1<a<g<Q, ged(P(a),q) = 1}'
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Polynomial Farey fractions

Let c = (c1,--+ ,cn) € Z" be a fixed vector and P(x) = ¢c,x" + -+ + a1 x.
Define

Fop = {: |1<a<g<Q, ged(P(a),q) = 1}'

If P(x) = x(x+ 1) then for instance

1123
A
]:5,P {57375a55 }
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Polynomial Farey fractions

Let c = (c1,--+ ,cn) € Z" be a fixed vector and P(x) = ¢c,x" + -+ + a1 x.
Define

Fop = {: |1<a<g<Q, ged(P(a),q) = 1}'

If P(x) = x(x+ 1) then for instance

The cardinality of Fg p

2
No.p=#Fqpr= 9 H (1 - fP(2p)> +0 (@),

where fp(p) = {1 < d < p| P(d) =0 (mod p)}|.

Bittu Chahal (I1ITD) Spacing statistics of Farey Sequence June 21, 2024



Pair correlation of Polynomial Farey fractions
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Pair correlation of Polynomial Farey fractions

Theorem (.C, Chaubey, 2024)

Let ¢ = (c1, @) € Z2, be a fixed vector and P(x) = cox*> + c1x. The

limiting pair correlation measure of the sequence (Fq p)q under the GRH
exists and is given by

(o) M1 2\
S(N) < 51’1; /0 g > hl(m)log(ﬂ> dA,

mpp
1§m<§fA
P
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Pair correlation of Polynomial Farey fractions

Theorem (.C, Chaubey, 2024)

Let ¢ = (c1, @) € Z2, be a fixed vector and P(x) = cox*> + c1x. The

limiting pair correlation measure of the sequence (Fq p)q under the GRH
exists and is given by

(ac) (M 1 2\
S(N) < e /0 pves > hl(m)|og(mﬁp> d),

22
1<m< Bp

for any A > 0, WhereBp:Hp 1—% ,

fr(p) = {1 < d < p: P(d) =0 (mod p)}| and

hu(m) = m1+5 Z Z <g1g2> <t

gi|m g g
gila g2|C1

Bittu Chahal (I1ITD) Spacing statistics of Farey Sequence June 21, 2024 11/17



Pair correlation of Polynomial Farey fractions

Theorem (.C, Chaubey, 2024)

Let v >2 and let c = (c1,--- ,¢,) € Z¥ be a fixed vector and

P(x) = xP'(x), where P'(x) = c,_1x*"1 4+ - + cox + c1. The limiting
pair correlation measure of the sequence (Fq p)q under the GRH exists
and is given by

1 2
S(A)<<51+6/0 e DL he(m |og< ﬁp>d)\,

1<m <§’;
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Pair correlation of Polynomial Farey fractions

Theorem (.C, Chaubey, 2024)

Let v >2 and let c = (c1,--- ,¢,) € Z¥ be a fixed vector and

P(x) = xP'(x), where P'(x) = c,_1x*"1 4+ - + cox + c1. The limiting
pair correlation measure of the sequence (Fq p)q under the GRH exists
and is given by

1 2
S(A)<<51+6/0 e DL he(m |og< ﬁp>d)\,

1<m <§’;

for any A > 0, where Bp =[], (1 - pr(pr))’

fo(p) = {1 < d < p: P(d) =0 (mod p)}| and hy(m) = 2.

m
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Key Lemmas

Let r be an integer, and c1, c; be positive integers and set
P(x) = cox? + c1x, then for any € > 0 under the GRH, we have

D e(rm) < (ae) @Y g11+e 2 %’

veFQ,P gla q<@
qlr

where e(x) = exp (2mix).
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Key Lemmas

Let r be an integer, and c1, c; be positive integers and set
P(x) = cox? + c1x, then for any € > 0 under the GRH, we have

1 1
Y. e <(ae) @) glite > g’
YEFQ,P gla q<@

qlr

where e(x) = exp (2mix).

Let g > 2,t € Z, then for every € > 0 under the GRH, we have

> ume () < A (ria)?

n<z
ged(n,q)=1
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Fractions with prime denominators

Let c = (c1,---,cn) € Z" be a fixed vector and P(x) = cpx" + -+ + c1x.
Define

MQp = {Z 11<a<p<Q, ged(P(a),p)=1,pis prime} :
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Fractions with prime denominators

Let c = (c1,---,cn) € Z" be a fixed vector and P(x) = cpx" + -+ + c1x.
Define

MQp = {Z 11<a<p<Q, ged(P(a),p)=1,pis prime} :

Theorem (.C, Chaubey, 2024)

The limiting pair correlation function of the sequence (.#q p)qen exists
as @ — oo and is Poissonian.
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Races for Farey fractions

We define

Sp(Q;q,1) = Z Z 1.

n<Q a<n
n=l (mod q) gcd(P(a),n)=1
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Races for Farey fractions

We define

Sp(Q;q,1) = Z Z 1.

n<Q a<n
n=l (mod q) gcd(P(a),n)=1

Theorem (.C, Chaubey, 2024)

Let g > 2 be an integer, assume Haselgrove's condition for the modulus q,
let I, I, be positive integers such that l} I, (mod q) and (g, hk) =1,
and let P(x) = ¢,x” + --- 4+ cix € Z[x]. Then, the set of values of Q for
which the difference Sp(Q; q,h) — Sp(Q; g, k) is strictly positive and the
set of values of Q for which the difference Sp(Q; q,h) — Sp(Q; q, k) is
strictly negative are unbounded.
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Races for Farey fractions

Denote

A(Q) =5(Q:q,h) — S(Q; g, h) + cQ2

We get a sequence {Q,-}E.Iigl l'in the interval (1, T] such that

sgnA( Qi) # sgnA(Qi+1) and |A(Q;)| > Q,.I/Z_e. Hence, A(Q) has at least
> log T oscillations of size Q'/2=¢, in the interval (1, T].
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Thank You!

Bittu Chahal (Il
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