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Introduction
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Definitions

Let dx(n) be the generalised divisor function.

> di(n) = xPy_1(log x) + Ay(x)

n<x

where Py_1(t) is a degree k — 1 polynomial, and Ag(x) is a
remainder term.

Chiara Bellotti (joint wi University of New South Wales, Canberra

On the generalised Dirichlet



Introduction
[e] lele}

Conjecture

Conjecture
For every k > 2, A(x) <. x'/271/(2k)+¢ holds for every € > 0. J

o Unproved for any k > 2
o This implies the Lindeldf Hypothesis
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Case k large

Karatsuba constant

When k is large, the current best known bounds take the form

Ax(x) <. Xl—Dk_2/3+a’

where D > 0 is the Karatsuba constant.

@ Under Richert's bound of the form |((o + it)] < $B-0)*/2 log®/® ¢

uniformly for 1/2 < o <1 and B > 0, there exists co > 0 for which

Ak(X) <. Xl—Dk*2/3+5, D= COB—2/3

o B =4.43795 (B., 2024)
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Literature review

Ak(X) <. Xl—Dk_2/3+s

Reference D k
Karatsuba (1972) 0117 | k>2
lvi¢ and Ouellet (1989) | 0.196 | k > 10
* Kolpakova (2011) | 0.283 | k > 186
Heath-Brown (2017) | 0.849 | k >2

o Instead of Richert's bound, Heath-Brown assumes

C(o+it) <. tBA-9+e 1 <p <

with B = 8y/15/63 = 0.4918... ..
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New results
°

Statement of the new results

Theorem 1 (B.-Yang, 2024)
Let k be a fixed positive integer. Then, for kK > 58

Ax(x) < X1—1.224(k—2.36)*2/3.

Theorem 2 (B.-Yang, 2024)
For all sufficiently large fixed k

Ax(x) < X1—1.889k_2/3‘
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Some preliminary tools

Carlson's abscissa

For k > 0, Carlson’s abscissa o is the infimum of numbers o for
which for any e > 0

i
/ (o + it)Prdt <. TH=.
1

Carlson’s exponent

Carlson's exponent m(o) is the supremum of all m > 4 such that
for any € > 0

i
/ (o + it)|dt <. T,
1

Chiara Bellotti (joint with Andrew Yang) University of New South Wales, Canberra

On the generalised Dirichlet divisor problem



Proof Theorem 1
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Qutline of the proof of Theorem 1

Theorem 1 (B.-Yang, 2024)
Let k be a fixed positive integer. Then, for k > 58

Aw(x) < X1—1.224(k—2.36)—2/3‘
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Qutline of the proof of Theorem 1

C(0.+ I't) <<5 tB(l—o‘)3/2+€

Upper bound for Carlson’s abscissa o

|

Lower bound for Carlson’s exponent m(o)

|

Perron’s formula on 3 dk(n) + Residue Theorem
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Qutline of the proof of Theorem 1

Main idea of the proof is to find o such that for all o > oy,

i
/ C(o + it)2Kdt <. T,
1

Use an iterative method.
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Qutline of the proof of Theorem 1

Find the smallest upper bound for o such that

i
/ o+ i)PAdt <. T, o> o
1

Iterative method:
O We wish to prove an upper bound on oy
Q Start with a bound on o, for some r < k

@ Show that the bound on o, implies a similar bound for o,
for some fixed § > 0
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Conclusion of the proof of Theorem 1

Ap(x) <o T° (XB TB(k=mo(B)(1-B)>> | B | ;) , T = xf(8),
Im(z)

B+iT c+iT
B+ ih

. 1 Re(z)

2
B — ih
B —iT c—iT
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Outline of the proof of Theorem 2

Theorem 2 (B.-Yang, 2024)
For all sufficiently large fixed k

Aw(x) < X1—1.889k_2/3‘
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Proof Theorem 2
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Outline of the proof of Theorem 2

Upper bound for Carlson’s abscissa o

I

Lower bound for Carlson’s exponent m(o)

I

Perron’s formula on - _ dk(n) + Residue Theorem
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Proof Theorem 2
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Outline of the proof of Theorem 2

Main idea of the proof is to find o such that for all o > oy,

.
/ Clo + it)2Hdt <. T,
1

Use exponential sum estimates.
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Proof Theorem 2
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Outline of the proof of Theorem 2

Main innovative idea of the proof is to use the approximate
functional equation

(s)= D> ncHx(l-s) Y 4ol

1<n<T1/2 1<n<T1/2

and estimate
2k

2T
/ Z n—o—it dt
T n<TL/2

using the mean value theorem for Dirichlet polynomials and
exponential sum estimates.
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Outline of the proof of Theorem 2

Q Use Minkowski's inequality.

12k
Q By mean value theorem f%T ‘anTl/k n~otdt < T
@ For the second term, it suffices to prove that

2k

oT
/ oo de < THE TV <« N < T2,
T In<n<2n
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An exponential sum estimate

By refining an estimate due to Heath-Brown (2017),

_ log N -3
log t

—it 1-(1-3p 1)p~2+
St N0 e
N<n<N’

for N < N’ < 2N.
Replaces the well-known result with ¢ = 49/80 with ¢ =1 — 3/p.
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For more details:

o C.Bellotti, A. Yang, "On the generalised Dirichlet divisor
problem”, Bull. Lond. Math. Soc., 56.5 (2024)

Thank you for your attention!
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