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Overview

@ The Golden L and holonomy vector population density
© Counting closed geodesics via -orbits

© Expected populations on n-street

@ Few nearby neighbors

© BREAK

@ Higher moments of the Siegel-Veech transform

@ Proof ideas: Orbit decomposition and counting orbits



The Golden L




Holonomy Vectors on the Golden L




Veech '98

Set of closed geodesics are finite
union of Hs orbits.
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Looking at one orbit
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Looking at one orbi
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Our friend the Torus




Population Density on the torus

Assuming Riemann Hypothesis (Wu, 2002)

#(V N B(0,R)} = 5 (rR?) + O(R¥:)




Population density on the Golden L

Theorem (BNRW 2019)

#{VNB(0,R)} = 31—:2-7TR2+O(R%)




Population density on the Golden L

Theorem (BNRW 2019)

#{VNB(0,R)} = %-WRZJFO(R%)

Theorem (Burrin-F., Coming soon!)

Q bounded Jordan measurable domain
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5+ [QIR? + O(R°)
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where ¢ = max{3,2s;}.




Theorem (Burrin-F., Coming soon!)

Q bounded Jordan measurable domain
10
E#{VNR-Q}) = 37 IQ|R? + O(R®)

where ¢ = max{3,2s}.

Big proof idea: Count pairs of vectors in V!

Given v,w € V N B(0,30) with |v A w| < 30 plot (ﬁ m)

vi’ wy



Population density on nth street

Counting Pairs by determinant (F. 2019)

10 =2
—

E({v,w € VNBO.R): v Aw|=n}) ~ o %-¢(n)-R2




Population density on nth street
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Density of nearby neighbors

Corollary to F.2019, Coming soon!
For all § > 0, there exists € > 0 so that

< 4.

fim sup #{veVNB(O,R): 3we VNB(v,e)}
R—o0 R?




Density of nearby neighbors

Corollary to F.2019, Coming soon!
For all 6 > 0, there exists € > 0 so that

fim sup #{veVNB(O,R): 3we VNB(v,e)} —s
R—o0 R?

v,w € V N B(0,50)
lvAw|=1 || weB(v,1/2)



Break



Siegel-Veech Integral Formula
I < SL(2,R) non-uniform lattice

e Non-uniform: SL(2,R)/I' not compact

o Lattice: T is discrete with c(I) % vol(SL(2,R)/T) < oo.

V:F-e1



Siegel-Veech Integral Formula
I < SL(2,R) non-uniform lattice

e Non-uniform: SL(2,R)/I' not compact

o Lattice: T is discrete with ¢(I') aef vol(SL(2,R)/T) < co.

V:F-e1

Theorem (Veech '98)

For f € B.(R?) define ~
the Siegel-Veech transform f : SL(2,R)/I — R

flg)=> flgv)

veV




Siegel-Veech Integral Formula
[ < SL(2,R) non-uniform lattice

e Non-uniform: SL(2,R)/I' not compact

o Lattice: T is discrete with c(I) % vol(SL(2,R)/T) < oo.

V:F-e1

Theorem (Veech '98)

For f € B.(R?) define ~
the Siegel-Veech transform f : SL(2,R)/I — R

flg)=> flgv)

veV

the Siegel-Veech mean value formula

z 1
/5 Lot f(g)du(g) = <0 /R f(x) dx.




Siegel-Veech Integral Formula

Theorem (Veech '98)

For f € B.(R?) define R
the Siegel-Veech transform f : SL(2,R)/I — R

flg)=> flgv)

veVv

the Siegel-Veech mean value formula

= 1
/5 Lomr fg)du(g) = O] /R f(x) dx.

#{VNB(0,R)} ~ c(lr) -TR?



Higher moments for general [

Theorem (Fairchild '19)

/5 . (?)2 (g) dulg)

_ % / FO)F(x) + F(x)F(=x) dx
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Theorem (Fairchild '19)

/5 Lo (7)’ () dute)

_ % / A = )

¢(n) 1 1
oD fuos” (g M) ' (g H) )

o (F. 2019) integral formula for ()* for all k € N.



Theorem (Fairchild '19)

/SL(ZR) i (?)2 (8) du(g)
1

= C(F)/R f(x)f(x) + f(x)f(—x) dx

w(n 1 1
(o) (o[

N(T) is set of possible determinants.

N(F):{nGREI vi, o € V st ’Vl/\vz‘:n}_



Theorem (Fairchild '19)

/SL BT (?)2 (g) du(g)
_ i / F(X)F(x) + F(x)F(—x) dx

3 0 e (2] (e

) dn(g)

@ Maximal parabolic g = stab,-1r,(e1) = <[é /17] > .



Theorem (Fairchild '19)
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© Maximal parabolic 'y = stab,-1r,(e1) <[ ]>
o
w(n)—‘{[ﬂev O<m<h\n|} HFOVFO ’y—l ]GFH.




Sketch of Proof
Theorem (Fairchild '19)

/SL BT (?)2 (g) du(g)
_ i / F(X)F(x) + F(x)F(—x) dx

5 0 e (21 (e
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Note  : SL(2,R)/T — R
= flav)
veVv
Implies
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Sketch of Proof
Theorem (Fairchild '19)

/5 L) (7)2 (g) du(g)

_ c(lr) /R FO)F(x) + F(x)F(—x) dx

o(n 1 1
: (el (el
nezN:r) SL2R) ( 0 n

) dn(g)

Decompose V x V into SL(2,RR)-orbits:

VxV={,v):veViu{(v,—v):veV}

|_| {(v,iw)e Vx V:|vAw| =n}
neN(IN)



Theorem (Fairchild '19)

/5 Loy (?)2 (&) du(g)
1

= /R F(x)F(x) + F(x)F(—x) dx

5 0 e (<o) (e

) dn(g)

Decompose V' x V into SL(2,R)-orbits:

VxV={vv):veViu{(v,—v):veV}

|_| {(v,w)e VX V:|vAw| =n}
neN(I)



Theorem (Fairchild '19)

/5 Loy (?)2 (&) du(g)

_ % / F(x)F(x) + F(x)F(—x) dx

o(n 1 1
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) dn(g)

Decompose V' x V into SL(2,R)-orbits:

VxV={,v):veV}iU{(v,—v):veV}

|_| {(v,iw)e VX V:|vAw| =n}
neN(I)



Reduction to [ orbits of D,

Lemma

/SL(2,]R)/F > flev)f(gv)dule)

(V17V2)€Dn

_o(n) 1 !
8 e () e
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For n € N(T') define
Dn:{(V,W)G V % V:’V/\W’:n}
Want to use

1
|- X flar)fene) due) = JR(CALCAETE)



@ is number of [ orbits of D,
Lemma

o= U olp ]

1<j<hlnl
U,n)Tev

Thus there are (n) orbits. Each has a contribution of

a0 e (2o (<1

) dn(g)



@ is number of [ orbits of D,
Lemma

o= U olp ]

1<j<hln]
U,mTev

Thus there are (n) orbits. Each has a contribution of

a0 e (2o (<1

/SL(z,R)/r > flen)f(gva) dule)
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From integrals to asymptotics
¢(n) 1 1
f f d
ne%(r) (1) Jsiam (g M) (g H) !
/ / f(x)f(y)w(|x A y|) dx dy
R2 JR2

w(t) = Z 90,(7;7)

n>t
neN(T)

where




From integrals to asymptotics

ne%m 0 o) <g ED ' (g H) &

//f(x w(|x A y|) dx dy
R? JR2

where

3 ¢(n)
n3
n>t
neN(I)

Lemma (Good 1983)
M2

> w(n) e(r )JrO(/V’2 )

neN(T)
n<M

where 0 < § < %




Summary

@ Use general integral formula to gain information about density of
pairs of vectors with certain properties

@ Lots of potential in this formula for further understanding. Higher
moments too!



Summary

@ Use general integral formula to gain information about density of
pairs of vectors with certain properties

@ Lots of potential in this formula for further understanding. Higher
moments too!

Thank you!



Behavior of ¢
@ Would like to gain more information about ¢
> limsup @ =17
> liminf £ = 07
» Use other number theoretic techniques to understand behavior of ¢(n).
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Behavior of ¢

@ Would like to gain more information about ¢
> limsup @ =17

> liminf @ =07
> Use other number theoretic techniques to understand behavior of ¢(n).
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Plot for ¢ associated to ' = Hs due to Taha '19



@ is not multiplicative for [ = Hj

u is the golden ratio

o p(2u)=1
° p(u)=2
o p(2u?) = p(2u+2) =1.
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